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Aim of the talk

We consider a first-order Hamilton-Jacobi equation of the form

H(p,DyV(p) =0 peQ,  V(u)=3(n) pneo (1)
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Here
e 11 is a measure, 2 an open set of the Wasserstein space &23(R%).

e D,V () is the application of the directional derivatives.
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Aim of the talk

We consider a first-order Hamilton-Jacobi equation of the form

H(p,DV(p) =0 peQ,  V(u)=3J(u) peo

Here

e 11 is a measure, 2 an open set of the Wasserstein space &23(R%).
e D,V () is the application of the directional derivatives.

[ Our aim

Compare two notions of viscosity solutions for (1).
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Definitions
0e0000

Viscosity solutions

In R9, viscosity solutions of H(z,V,u) = 0 are equivalently defined using

e smooth test functions: e sub and superdifferentials:

w is a subsolution if it is u.s.c, satisfies
uw < J, and if whenever p € Cl is
such that u — ¢ reaches a maximum at z,

u

there holds H (z, Vo(z)) < 0.
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In R9, viscosity solutions of H(z,V,u) = 0 are equivalently defined using

e smooth test functions: e sub and superdifferentials:

u is a supersolution if it is |.s.c, satisfies
w > J, and if whenever p € Cl is
such that u — ¢ reaches a minimum at z,

u
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there holds H (z, Vp(z)) > 0.
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Definitions
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Viscosity solutions

In R9, viscosity solutions of H(z,V,u) = 0 are equivalently defined using

e smooth test functions: e sub and superdifferentials:
u is a supersolution if it is |.s.c, satisfies u is a subsolution if it is u.s.c, satisfies
w > J, and if whenever p € Cl is u < J, and if whenever a vector v belongs
such that u — ¢ reaches a minimum at z, to the superdifferential of u at z,
Uu Uu

(N

\,/
there holds H (z, Vp(z)) > 0. there holds H (z,v) < 0.
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Viscosity solutions

In R9, viscosity solutions of H(z,V,u) = 0 are equivalently defined using

e smooth test functions: e sub and superdifferentials:
u is a supersolution if it is |.s.c, satisfies u is a supersolution if it is |.s.c, satisfies
w > J, and if whenever p € Cl is u > J, and if whenever a vector v belongs
such that u — ¢ reaches a minimum at z, to the subdifferential of u at x,
Uu Uu

©

there holds H (x,Vp(z)) > 0. there holds H (z,v) > 0.
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Definitions
0e0000

Viscosity solutions

In R9, viscosity solutions of H(z,V,u) = 0 are equivalently defined using

e smooth test functions: e sub and superdifferentials:
u is a supersolution if it is |.s.c, satisfies u is a supersolution if it is |.s.c, satisfies
w > J, and if whenever p € Cl is u > J, and if whenever a vector v belongs
such that u — ¢ reaches a minimum at z, to the subdifferential of u at x,
Uu Uu

©

there holds H (x,Vp(z)) > 0. there holds H (z,v) > 0.

Both are linked by Vip(x) = v. Extension to viscosity in measure spaces?
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Definitions
[e]e] lele]e]

Notations

Let y, v be two probability measures on R?. If f : R? — Y is measurable, the pushforward
f#u is a measure on Y given by (f#u)(A) = u(f~1(A)) for any measurable A C Y.
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Notations

Let y, v be two probability measures on R?. If f : R? — Y is measurable, the pushforward
f#u is a measure on Y given by (f#u)(A) = u(f~1(A)) for any measurable A C Y. Denote

I(p,v) = {?7 =n(z,y) € Po(R? x RY) ’ Todtn = p1, TyHn = V} :

the possible transport plans between i and v. The 2-Wasserstein distance is defined as

dy(nr) = nt | =yl dn(z, y).
(z,y)€(R%)?

n€el (u,v)
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Definitions
[e]e] lele]e]

Notations

Let y, v be two probability measures on R?. If f : R? — Y is measurable, the pushforward
f#u is a measure on Y given by (f#u)(A) = u(f~1(A)) for any measurable A C Y. Denote

I(p,v) = {77 =n(z,y) € Po(R? x RY) ’ Todtn = p1, TyHn = V} :

the possible transport plans between i and v. The 2-Wasserstein distance is defined as

dy(nr) = nt | =yl dn(z, y).
(z,y)€(R%)?

n€el (u,v)

Def — Wasserstein space The Wasserstein space Z5(R%) is the set of measures u
such that d2), (11, ) is finite, endowed with the Wasserstein distance.
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Definitions
[e]e]e] le]e]

Viscosity solutions in &2, (IR?)

Using Lions differentiability, introduced in [Lio07].

e Represent any ;1 € P5(RY) as the law of a set of random variables X € L(E, &;RY),
that is, u = X#P. Then any function u : 23(R%) — R can be lifted in

U:Li(E,&RY), U(X) = u(X#P).
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e Represent any ;1 € P5(RY) as the law of a set of random variables X € L(E, &;RY),
that is, u = X#P. Then any function u : 23(R%) — R can be lifted in

U:Li(E,&RY), U(X) = u(X#P).

The gradient of U at X in the Hilbert space L]I%(E,S;Rd) is shown to be of the form
po X for some p € Li(]Rd; TRY) that depends only on ju = X#P.
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Definitions
[e]e]e] le]e]

Viscosity solutions in &2, (IR?)

Using Lions differentiability, introduced in [Lio07].

e Represent any ;1 € P5(RY) as the law of a set of random variables X € L(E, &;RY),
that is, u = X#P. Then any function u : 23(R%) — R can be lifted in

U:Li(E,&RY), U(X) = u(X#P).

The gradient of U at X in the Hilbert space L]%(E,S;Rd) is shown to be of the form
po X for some p € Li(]Rd; TRY) that depends only on ju = X#P.

e Another equivalent formulation [CD18]: define first linear derivative along curves
h +— (1 — h)u + hv, then functional derivative as the gradient of the linear derivative.
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Definitions
[e]e]e] le]e]

Viscosity solutions in &2, (IR?)

Using Lions differentiability, introduced in [Lio07].

e Represent any ;1 € P5(RY) as the law of a set of random variables X € L(E, &;RY),
that is, u = X#P. Then any function u : 23(R%) — R can be lifted in

U:LA(E,&RY,  UX):=u(X#P).

The gradient of U at X in the Hilbert space L]I%(E,S;Rd) is shown to be of the form
po X for some p € Li(]Rd; TRY) that depends only on ju = X#P.

e Another equivalent formulation [CD18]: define first linear derivative along curves
h +— (1 — h)u + hv, then functional derivative as the gradient of the linear derivative.

e Provides a definition of C! functions and higher derivatives [Sal23], used to obtain

existence of “regular” solutions to mean-field games [CDLL19, CP20, MZ22] and viscosity
solutions [PW18, BY19, DJS23]...
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Definitions
0000e0

Viscosity solutions in &2, (IR?)

Using semidifferentials in a well-chosen tangent space [AGSO05]. Usually taken as

2 d. d
Tan, 25(RY) == (Vo | p € Co®D)} + 5 TF),
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Definitions
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Viscosity solutions in &2, (IR?)

Using semidifferentials in a well-chosen tangent space [AGSO05]. Usually taken as

2 d. d
Tan, 25(RY) == (Vo | p € Co®D)} + 5 TF),

e Possible to define sub/superdifferential and a corresponding notion of viscosity solutions
[CQO8], variations in [MQ18, JMQ20, JMQ22, Jim23] with j—differentials.
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Definitions
0000e0

Viscosity solutions in &2, (IR?)

Using semidifferentials in a well-chosen tangent space [AGSO05]. Usually taken as

L2 (R4, TRY
Tan, 25(RY) == (Ve | g € Coo(®A)} T,
e Possible to define sub/superdifferential and a corresponding notion of viscosity solutions
[CQO8], variations in [MQ18, JMQ20, JMQ22, Jim23] with j—differentials.
e Geometric definition of the Wasserstein gradient as the intersection of the sub and
superdifferential in [GNT08, GS14], shown to be equivalent to the Lions differentiability in
[GT19].
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Definitions
0000e0

Viscosity solutions in &2, (IR?)

Using semidifferentials in a well-chosen tangent space [AGSO05]. Usually taken as

L2 (R4, TRY
Tan, 25(RY) == (Ve | g € Coo(®A)} T,
e Possible to define sub/superdifferential and a corresponding notion of viscosity solutions
[CQO8], variations in [MQ18, JMQ20, JMQ22, Jim23] with j—differentials.
e Geometric definition of the Wasserstein gradient as the intersection of the sub and
superdifferential in [GNT08, GS14], shown to be equivalent to the Lions differentiability in
[GT19].

Other ideas: applying metric viscosity [AF14, GSlS], linear derivatives [FN12, BIRS19],
pathwise solutions [WZ20, CGK™23], directional derivatives [Jer22, JPZ23].
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Definitions
00000e

Using directional derivatives

Idea: define the Hamiltonian over a set of functions, as
H:T—R,

where T is a set of pairs (u,p) with u € P5(R?) and p : Tan, Z5(RY) — R.
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Definitions
00000e

Using directional derivatives

Idea: define the Hamiltonian over a set of functions, as
H:T R,
where T is a set of pairs (u,p) with € P (R?) and p : Tan, Z5(RY) — R.

Typically, p: £ = Dyp(€) for some ¢ : P5(R?) — R, the application of directional derivatives.
For instance,

H(p,p) = sup —p (f(p,u)), H(p,p) = sup Ip(&)] -
uelU &€Tan,, |€]l.=1
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Using directional derivatives

Idea: define the Hamiltonian over a set of functions, as
H:T R,
where T is a set of pairs (u,p) with € P (R?) and p : Tan, Z5(RY) — R.

Typically, p: £ = Dyp(€) for some ¢ : P5(R?) — R, the application of directional derivatives.
For instance,

H(p,p) = sup —p (f(p,u)), H(p,p) = sup Ip(&)] .

uelU &€Tan,, |€]l.=1
e Line opened in [JJZ], developped in [Jer22, JPZ23].
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Definitions
00000e

Using directional derivatives

Idea: define the Hamiltonian over a set of functions, as
H:T—R,

where T is a set of pairs (u,p) with € P (R?) and p : Tan, Z5(RY) — R.

Typically, p: £ = Dyp(€) for some ¢ : P5(R?) — R, the application of directional derivatives.
For instance,

H(p,p) = sup —p (f(p,u)), H(p,p) = sup Ip(&)] -
uelU &€Tan,, |€]l.=1

e Line opened in [JJZ], developped in [Jer22, JPZ23].

e @ Is it possible to reformulate using semidifferentials? @
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The tangent space
0000000

Table of Contents

Geometric tangent space
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The tangent space
(o] Jelelele]e]

Velocities

Let TR? := (J,cga{z} x ToR? be the tangent bundle, endowed with |(z, 0)|? = |z + |v).
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The tangent space
(o] Jelelele]e]

Velocities

Let TR? := (J,cga{z} x ToR? be the tangent bundle, endowed with |(z, 0)|? = |z + |v).
The set Z,(TR?) may be endowed with various operations:

A& = (g, ATy ) #E (rescaling),
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Let TR? := (J,cga{z} x ToR? be the tangent bundle, endowed with |(z, 0)|? = |z + |v).
The set Z,(TR?) may be endowed with various operations:
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The tangent space
(o] Jelelele]e]

Velocities

Let TR? := (J,cga{z} x ToR? be the tangent bundle, endowed with |(z, 0)|? = |z + |v).

The set Z,(TR?) may be endowed with various operations:

A& = (g, ATy ) #E (rescaling), exp,,(h - §) = (mz + hmy)#E (exponential).
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Velocities

Let TR? := (J,cga{z} x ToR? be the tangent bundle, endowed with |(z, 0)|? = |z + |v).
The set Z,(TR?) may be endowed with various operations:
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The tangent space
(o] Jelelele]e]

Velocities

Let TR? := (J,cga{z} x ToR? be the tangent bundle, endowed with |(z, 0)|? = |z + |v).
The set Z,(TR?) may be endowed with various operations:

A& = (g, ATy ) #E (rescaling), exp,,(h - §) = (mz + hmy)#E (exponential).
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The tangent space
(o] Jelelele]e]

Velocities

Let TR? := (J,cga{z} x ToR? be the tangent bundle, endowed with |(z, 0)|? = |z + |v).
The set Z,(TR?) may be endowed with various operations:

A& = (g, ATy ) #E (rescaling), exp,,(h - §) = (mz + hmy)#E (exponential).

Consider the following specific class of transport plans:

re0 = {ne 22 U o) x TR TR | (ramdtn =6, (romaliin =

zcRd
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The tangent space
(o] Jelelele]e]

Velocities

Let TR? := (J,cga{z} x ToR? be the tangent bundle, endowed with |(z, 0)|? = |z + |v).
The set Z,(TR?) may be endowed with various operations:

A& = (g, ATy ) #E (rescaling), exp,,(h - §) = (mz + hmy)#E (exponential).

Consider the following specific class of transport plans:

re0 = {ne 22 U o) x TR TR | (ramdtn =6, (romaliin =

zcRd

Def  Given &, ¢ € P5(TRY),,, define W2 (£,¢) = infper,(e,0) f(m,v,w) lv —w|* dn.
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The tangent space
[e]e] lelele]e]

Generalized tangent space

Let p,v € P5(RY), and denote

/7/ = {(7z, my — 7)) #n | m € To(p,v)}

the set of velocities of geodesics (exp,,!(v)).
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The tangent space
[e]e] lelele]e]

Generalized tangent space

Let i, v € P5(R?), and denote

/7/ = {(7z, my — 7)) #n | m € To(p,v)}

the set of velocities of geodesics (exp,,!(v)).

Def  The generalized tangent space
Tan, Z,(R%) to 1 is the set

W,

{A-m0 | A€RT, ve PR}
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The tangent space
[e]e] lelele]e]

Generalized tangent space

Let i, v € P5(R?), and denote

/7/ = {(7z, my — 7)) #n | m € To(p,v)}

the set of velocities of geodesics (exp,,!(v)).

Def  The generalized tangent space
Tan, Z,(R%) to 1 is the set

W,

{A-m0 | A€RT, ve PR}

The set Tan,, is stable by scaling by a real
factor and enjoys a well-defined projection 7.
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The tangent space
[e]e] lelele]e]

Generalized tangent space

Let i, v € P5(R?), and denote

i = {(mg, my — m)#n | 0 € Tolp,v)} \ .
the set of velocities of geodesics (exp,,!(v)). . {

Def  The generalized tangent space
Tan, Z,(R%) to 1 is the set

D10 [ AERT, v € AR}~ v
The set Tan,, is stable by scaling by a real

factor and enjoys a well-defined projection 7.
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The tangent space
[e]e]e] Jelele]

Convexity property

Def — Horizontal interpolation Let &y,&; € WQ(TRd)M, B €T, (6o,&1)and t € [0,1].
Then

ff = (7g, (1 = t)my + tmy)#P € WQ(TRd)“.
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The tangent space
[e]e]e] Jelele]

Convexity property

Def — Horizontal interpolation Let &y,&; € WQ(TRd)M, B €T, (6o,&1)and t € [0,1].
Then

ff = (7g, (1 = t)my + tmy)#P € WQ(TRd)“.

By [Gig08], the set Tan, Z5(IR?) is horizontally convex.
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The tangent space
[e]e]e] Jelele]

Convexity property

Def — Horizontal interpolation  Let &, & € P5(TRY),, B € T'(&0,&1) and t € [0, 1].
Then

&) = (mz, (1 — )7y + tmy)#6 € Po(TRY),..
By [Gig08], the set Tan, Z5(IR?) is horizontally convex.

Def1 If A C P5(TR?),, define convA as the smallest horizontally convex that is closed
with respect to W, and contains A.
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The tangent space
0000e00

Barycenter

Notice that conv{¢} # £ in general!
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The tangent space
0000e00

Barycenter

Notice that conv{{} # & in general!

Proposition — Barycenter 075 1

Let £ € P5(TRY),, and Bary (¢) € 0301
Lﬁ(]Rd; TRY) its barycenter, given by "
Bary (@) = [ vdes(o). ’

vETLRY 0251

Then —0.50

Bary (&)#u € conv{¢}. 1o
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Proposition — Barycenter 075 1

Let £ € P5(TRY),, and Bary (¢) € 0301
Lﬁ(]Rd; TRY) its barycenter, given by "
Bary (@) = [ vdes(o). ’
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The tangent space
0000e00

Barycenter

Notice that conv{{} # & in general!

Proposition — Barycenter 075 1
Let £ € P5(TRY),, and Bary (¢) € 0301
Lﬁ(]Rd; TRY) its barycenter, given by "
Bary (@) = [ vdes(o). ’ )
vETLRY 0251
Then —0.50
Bary (&)#u € conv{¢}. 1o
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The tangent space
0000e00

Barycenter

Notice that conv{{} # & in general!

Proposition — Barycenter 075 ]
Let £ € P5(TRY),, and Bary (¢) € 050
Lﬁ(]Rd; TRY) its barycenter, given by

—0.25 4

Bary (€)(a) = | wita(v)

—0.50
Then

—0.75 A

Bary (&)#u € conv{¢}. 1o

. J -1.00 —0.75 -0.50 —0.25 0.00 0.25 0.50 0.75 1.00
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The tangent space
0000080

Directional derivatives

For an application ¢ : 225(TR%) — R, we denote

D,y : Tanu<@2(Rd) — R, D;;,SO(O = }LI{‘I(I) L4 (expﬂ(h hg)) _ (p(,u).
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The tangent space
0000080

Directional derivatives

For an application ¢ : 225(TR%) — R, we denote

Du‘P : Tanu=@2 (Rd) — R, Du@(f) = }LI{‘% 1 (eXp“(h hg)) _ (,D(IU).

Def — Metric cotangent bundle Let

is positively homogeneous and
T, = { p: Tan, PZy(RY) — R | P POIVEY TOMOE
Lipschitz-continuous w.r.t. W,,.

Denote T := U e 2, (rey {11} X T
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The tangent space
000000e

Precise definition of the Hamiltonian

The Hamiltonian is defined as an application

H:T—R.

Averil Prost Test functions vs semidifferentials in Wasserstein March 22, 2024



The tangent space
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Precise definition of the Hamiltonian

The Hamiltonian is defined as an application

H:T—R.

For instance,

H (u,p) = sup —p(mh f(p, w)).
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The tangent space
000000e

Precise definition of the Hamiltonian

The Hamiltonian is defined as an application

H:T—R.

For instance,
H (u,p) = sup —p(m*" f (1, u)).
uclU
If o : P5(R?) — R is directionally differentiable and locally Lipschitz-continuous, then
D,y € T,,. This gives meaning to

H (Mv DHQO) =0.
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The tangent space
000000e

Precise definition of the Hamiltonian

The Hamiltonian is defined as an application

H:T—R.

For instance,

H (u,p) = sup —p(mh f(p, w)).

If o : P5(R?) — R is directionally differentiable and locally Lipschitz-continuous, then
D,y € T,,. This gives meaning to

H (Mv DHQO) =0.

e Give a notion of viscosity solutions using the semidifferentials of [AF14].
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The tangent space
000000e

Precise definition of the Hamiltonian

The Hamiltonian is defined as an application

H:T—R.

For instance,

H (u,p) = sup —p(mh f(p, w)).

If o : P5(R?) — R is directionally differentiable and locally Lipschitz-continuous, then
D,y € T,,. This gives meaning to

H (p, Dyp) = 0.

e Give a notion of viscosity solutions using the semidifferentials of [AF14].

e Compare it with a notion of viscosity solutions using test functions.

Averil Prost Test functions vs semidifferentials in Wasserstein March 22, 2024



Semidifferentials
00000

Table of Contents

Generalized sub and superdifferentials

Averil Prost Test functions vs semidifferentials in Wasserstein March 22, 2024



Semidifferentials
[o] lele]e]e]

Pseudo scalar products

Denote 0, = (7, 0)#u and [[£]|, == Wu(&,0,).

P(TR?),, is the set of probabilities on TR? with base 11, over which W, (-,-) is a distance.
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Semidifferentials
[o] lele]e]e]

Pseudo scalar products

Denote 0, = (7, 0)#u and [[£]|, == Wu(&,0,).
Def Given &, ¢ € P5(TRY),,, define

[IENR +lISH = W O] -

| =

&0 =

To ease notations, we also denote (

I

P(TR?),, is the set of probabilities on TR? with base 11, over which W, (-,-) is a distance.
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Semidifferentials
[o] lele]e]e]

Pseudo scalar products

Denote 0, = (7, 0)#u and [[£]|, == Wu(&,0,).
Def Given &, ¢ € P5(TRY),,, define

(&0 = 5 [IEIR +IICH = WRE O] -

| =

To ease notations, we also denote (

I

Expanding the definition of W, yields

60 = sup / (wowydy, and  (£,0)7 = inf / (v, w) dn.
“erae) J@ow) H el u(6.0) J @)

P(TR?),, is the set of probabilities on TR? with base 11, over which W, (-,-) is a distance.
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Semidifferentials
[e]e] le]e]e]

Properties of (-, ﬁ

If ¢ = f#p and ( = g#p for some f,g € L%(R%; TR?), then

€ai=[ [ @ e = ;.
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Semidifferentials
[e]e] le]e]e]

Properties of (-, ﬁ

If ¢ = f#p and ( = g#p for some f,g € L%(R%; TR?), then

€ai=[ [ @ e = ;.

There always holds <§,§): = H£||z However,

(&6, = Il = 3f € L,(RG,TRY)  such that & = f#p.

Averil Prost Test functions vs semidifferentials in Wasserstein March 22, 2024



Semidifferentials
[e]e] le]e]e]

Properties of (-, ﬁ

If ¢ = f#p and ( = g#p for some f,g € L%(R%; TR?), then

[ @) dute) = Fay
zcR4 JzcRd

There always holds <§,§): = H£||z However,

&5 = el — 3f € LZ(RGTRY)  such that & = f#u.
For instance, if £ = = (0 w) T 5(0 o) then 8= 56(0.000,) + 5(0 v1,00) Yields
oy 1 )
(&8, <Uo,vl> t3 (v1,v0) = =1 = —[€]|,,- V) @ » v
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Semidifferentials
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Convexity properties
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Semidifferentials
000e00

Convexity properties

Proposition 1 Let &, & € P(TR?), and B € T,(&,&). Then for any ¢ €
P5(TRY),,,

[0,1] : t — <C,§f>: is convex, [0,1] : t — <C,§1@8>; is concave.
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Semidifferentials
000e00

Convexity properties

Proposition 1 Let &, & € P(TR?), and B € T,(&,&). Then for any ¢ €
P5(TRY),,,

[0,1] : t — <C,§f>: is convex, [0,1] : t — <C & > is concave.

Let A,B C ﬁg(TRd)“ be nonempty, horizontally convex and bounded sets, with A
compact w.r.t. the topology induced by W,,. Then

+ +
sup inf {(a, = inf su .
aeﬁ,@eB< B ﬂGBaeI.A)1< By
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Semidifferentials
000080

Fréchet sub and superdifferentials [AF14, Definition 4.7]

Def — Superdifferential  Let ¢ : 25(RY) — R. An element ¢ € Tan, %5(R?) belongs
to the superdifferential of ¢ at 1, denoted 0, ¢, if for all v € P(RY),

(V) —p(p) < nien% (&my +oldw(p,v)).
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The tangent space Semidifferentials
[e]e]e 00 000080

Fréchet sub and superdifferentials [AF14, Definition 4.7]

Def — Superdifferential  Let ¢ : 25(RY) — R. An element ¢ € Tan, %5(R?) belongs
to the superdifferential of ¢ at 1, denoted 0, ¢, if for all v € P(RY),

(V) —p(p) < nien/% (&my +oldw(p,v)).

Def — Subdifferential Let  : 22, (R?) — R. An element & € Tan, %, (R?) belongs
to the subdifferential of ¢ at 4, denoted 9, ¢, if for all v € Po(RY),

o(v) — (u) = sup (&,n); + o (dw(p,v)).
nenv
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Semidifferentials
O0000e

Example

Given A C Z5(TRY),,, let again convA be the smallest closed set B containing A such that

V§07§1 € B7 V/B € F#(‘EO:EI)? vVt € [07 1]7 gtﬁ = (Wma (1 - t)7rv + tﬂ'w)#ﬁ € B.
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Semidifferentials
O0000e

Example

Given A C Z5(TRY),,, let again convA be the smallest closed set B containing A such that

V§07§1 S B7 v/@ € F#(‘EO:EI)) vVt [07 1]7 gtﬁ = (7(:1:7 (1 - t)7rv + tﬂ'w)#ﬁ € B.

Proposition 2 Let ¢ : 1 — d2), (i1, o) for some fixed o € Z(R?). The superdifferential
of ¢ is everywhere nonempty and given by

O =tonv{-2-¢| ¢ € pd}.

For reference, the gradient of z — |z — y|* at z is 2(x — y) = —2(y — z).
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Viscosity solutions
[o] le]e}

Test function spaces

Def — Test functions  For any 1 € Q C P25(R?), define

@ is lower semicontinuous, directionally differentiable at 1,
Thrp=L¢: Q=R

9, ¢ is nonempy, bounded and D,,p(u)(-) = inf@a;@ o Gl -
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Viscosity solutions
[o] le]e}

Test function spaces

Def — Test functions  For any 1 € Q C P25(R?), define

@ is lower semicontinuous, directionally differentiable at 1,
Thrp=L¢: Q=R

9, ¢ is nonempy, bounded and D,,p(u)(-) = inf@a;@ o Gl -

Similarly, 7_ ,, .= =T, .
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Viscosity solutions
[o] le]e}

Test function spaces

Def — Test functions  For any 1 € Q C P25(R?), define

@ is lower semicontinuous, directionally differentiable at 1,
Thrp=L¢: Q=R

9, ¢ is nonempy, bounded and D,,p(u)(-) = inf@a;@ o Gl -

Similarly, 7_ ,, .= =T, .

e Does not appeal to the theory of Wasserstein gradient.
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Viscosity solutions
[o] le]e}

Test function spaces

Def — Test functions  For any 1 € Q C P25(R?), define

@ is lower semicontinuous, directionally differentiable at 1,
Thrp=L¢: Q=R

9, ¢ is nonempy, bounded and D,,p(u)(-) = inf@a;@ o Gl -

Similarly, 7_ ,, .= =T, .

e Does not appeal to the theory of Wasserstein gradient.

e Retains a link between directional derivatives and semidifferentials.
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Viscosity solutions
[e]e] e}

Examples of test functions

Proposition 3 Let 0 € 5(R?) be fixed. Then the function d),(-, o) belongs to 7, ,
for any pu € P5(RY).
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Viscosity solutions
[e]e] e}

Examples of test functions

Proposition 3 Let 0 € 5(R?) be fixed. Then the function d),(-, o) belongs to 7, ,
for any pu € P5(RY).

From [Gig08, Proposition 4.10], there holds that

D2y (-, 0) (&) = L (€ my -
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Viscosity solutions
[e]e] e}

Examples of test functions

Proposition 3 Let 0 € 5(R?) be fixed. Then the function d),(-, o) belongs to 7, ,
for any pu € P5(RY).

From [Gig08, Proposition 4.10], there holds that

D2y (-, 0) (&) = L (€ my -

Proposition 4 Let u € Z(R%) and ¢ € P5(TR?), be fixed.

Then the function
¢ v inf, o (n, C>; belongs to .7 ,,, and there holds

Dyup(€) = (£,0)y, -

Auveril Prost

Test functions vs semidifferentials in Wasserstein

March 22, 2024



The notion of viscosity

Viscosity solutions
[e]ele] ]

Consider the HJB equation

H(p, Dyu(p) =0 p e 2,

Def — Using test functions

A map u : Z5(R?) — R is a subsolution
of (2) if it is u.s.c, if u<J over 99, and
if for any pand ¢ € J4 ,, such that u—¢
reaches a maximum at ,

u(p) =J(n)  pe o (2)

Def — Using semidifferentials

A map u : Z5(R?) — Ris a subsolution
of (2) if itis u.s.c, if u<J over 01, and
if for any element £ € 8:'u,
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The notion of viscosity

Viscosity solutions
[e]ele] ]

Consider the HJB equation

H(p, Dyu(p) =0 p e 2,

Def — Using test functions

A map u : Z5(R?) — R is a subsolution
of (2) ifitis l.s.c, if u=J over 99, and
if for any pand ¢ € I, such that u—¢
reaches a minimum at p,

u(p) =J(n)  pe o (2)

Def — Using semidifferentials

A map u : Z5(R?) — Ris a subsolution
of (2) ifitis l.s.c, if u=J over 09, and
if for any element £ € 9, u,
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Main result
[o] lele}

Statement

Assume that H : T — R satisfies

Vo€ Ty H(pDup) < sup H(u, (& ->;>,
feausﬂ

Vo€ T H(nDyg) > int H((60))).
"

(hyp-H)
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Main result
[o] lele}

Statement

Assume that H : T — R satisfies

Vo€ Ty H(pDup) < sup H(u, (& ->;>,
EE(’?HQ@

Vo€ T H(nDyg) > int H((60))).
"

(hyp-H)

Theorem  Assume that (hyp-H) is satisfied. Then a map u : 22(R?) — R is a viscosity
subsolution (resp. supersolution) in the sense of test functions if and only if it is a viscosity
subsolution (resp. supersolution) in the sense of semidifferentials.
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Main result
[o] lele}

Statement

Assume that H : T — R satisfies

Vo€ Ty H(pDup) < sup H(u, (& ->;>,
EE(’?HQ@

Vo€ T H(nDyg) > int H((60))).
"

(hyp-H)

Theorem  Assume that (hyp-H) is satisfied. Then a map u : 22(R?) — R is a viscosity
subsolution (resp. supersolution) in the sense of test functions if and only if it is a viscosity
subsolution (resp. supersolution) in the sense of semidifferentials.

e Given an element ¢ € d;fu, build a test function ¢ such that D,¢(§) = (€O
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Main result
[o] lele}

Statement

Assume that H : T — R satisfies

Vo€ Ty H(pDup) < sup H(u, (& ->;>,
'Eeausﬂ

Vo€ T H(nDyg) > int H((60))).
"

(hyp-H)

Theorem  Assume that (hyp-H) is satisfied. Then a map u : 22(R?) — R is a viscosity
subsolution (resp. supersolution) in the sense of test functions if and only if it is a viscosity
subsolution (resp. supersolution) in the sense of semidifferentials.

e Given an element ¢ € d;fu, build a test function ¢ such that D,¢(§) = (€O
e Given a test function, use the representation of D,y and (hyp-H).
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Main result
[e]e] e}

Examples of applications

e Eikonal-type Hamiltonians Let x: RT — RT be nondecreasing.

H:T =R, H(p,p) = sup K (Ip(&)1) -
£€Tan, 22 (RY), ||¢]|,=1

Averil Prost Test functions vs semidifferentials in Wasserstein March 22, 2024



Main result
[e]e] e}

Examples of applications

e Eikonal-type Hamiltonians Let x: RT — RT be nondecreasing.

H:T =R, H(p,p) = sup K (Ip(&)1) -
£€Tan, 22 (RY), ||¢]|,=1

e “Concave-convex” Hamiltonians Let F} and Fy : Z25(R%) = P25 (TR?) be set-valued
maps such that for any 1 € Z5(R%) and i € {1,2}, Fj[u] is a nonempty, horizontally
convex and compact subset of Tan, %, (R?) endowed with W,

H:T —R, H(p,p) = sup —p(&)+ inf —p(&2).
€1eF 4] &R u]
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Main result
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Conclusion and perspectives

Conclusion

e Possibility to use explicit test functions built from the squared Wasserstein distance or
pseudo scalar products.
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Main result
[e]e]e] ]

Conclusion and perspectives

Conclusion

e Possibility to use explicit test functions built from the squared Wasserstein distance or
pseudo scalar products.

e Equivalence between two notions of viscosity solutions under an explicit condition over the
Hamiltonian.
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Main result
[e]e]e] ]

Conclusion and perspectives

Conclusion

e Possibility to use explicit test functions built from the squared Wasserstein distance or
pseudo scalar products.

e Equivalence between two notions of viscosity solutions under an explicit condition over the
Hamiltonian.

Perspectives

e Extension over P (N), where A is not Hilbertian (network structure).

Averil Prost Test functions vs semidifferentials in Wasserstein March 22, 2024



Main result
[e]e]e] ]

Conclusion and perspectives

Conclusion

e Possibility to use explicit test functions built from the squared Wasserstein distance or
pseudo scalar products.

e Equivalence between two notions of viscosity solutions under an explicit condition over the
Hamiltonian.

Perspectives
e Extension over P (N), where A is not Hilbertian (network structure).
e Link with Lions differentiability?
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Thank you!
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