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Dual problem (1/2)

Computing W2 (i, v) amounts to optimize under the constraints 7,41 = p and T un = v
Introduce Lagrange multipliers ¢, v:

W2 (u,v) =n€Nilrif(X2)/lx—yl2dn+s¢171£ sz w(w)dn—/w(x)dﬂ} - [/Xzib(y)dn—/w(y)dl/]
sup/wdv - /cpdﬂ + ne/\i&f(XQ)/ [z = y* + (=) = ()] dn

—sup/zbdv—/wdu,

where the last supremum runs on ¢, such that |z — y|? + ¢(z) — ¥(y) > 0.

1F. Santambrogio, Optimal Transport for Applied Mathematicians (2015).
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xER

Averil Aussedat Some recent developments in Wasserstein geometry May 14, 2026 6/24



Introduction
000080

Dual problem (2/2)

For fixed ¢, the largest admissible 1) is
W(y) = il o(2) + [z - y* = o (y).
Then, for fixed ¥ = ¢°, the smallest admissible ¢ is

o(z) = sup P(y) — |z —y|*.
y€ERD

Averil Aussedat Some recent developments in Wasserstein geometry May 14, 2026 6/24



Introduction
000080

Dual problem (2/2)

For fixed ¢, the largest admissible 1) is
W(y) = il o(2) + [z - y* = o (y).
Then, for fixed ¥ = ¢°, the smallest admissible ¢ is

o(z) = sup P(y) — |z — y|*.

yelR'i —— ——

‘.“b P

Averil Aussedat Some recent developments in Wasserstein geometry May 14, 2026 6/24



Introduction
000080

Dual problem (2/2)

For fixed ¢, the largest admissible 1) is
W(y) = il o(2) + [z - y* = o (y).
Then, for fixed ¥ = ¢°, the smallest admissible ¢ is

o(z) = sup P(y) — |z — y|*.

yer S N
P -
[--2,1%

Averil Aussedat Some recent developments in Wasserstein geometry May 14, 2026 6/24



Introduction
000080

Dual problem (2/2)

For fixed ¢, the largest admissible 1) is
W(y) = il o(2) + [z - y* = o (y).
Then, for fixed ¥ = ¢°, the smallest admissible ¢ is

o(z) = sup P(y) — |z — y|*.

peid A D
“&

For a c-convex optimal ¢, optimal plans will concentrate on ‘A.

0 = {(z,y) | ¢°(y) — e(z) = |z — y|*}. oo (2
o

Averil Aussedat Some recent developments in Wasserstein geometry May 14, 2026 6/24



Introduction
000080

Dual problem (2/2)

For fixed ¢, the largest admissible 1) is
W(y) = il o(2) + [z - y* = o (y).
Then, for fixed ¥ = ¢°, the smallest admissible ¢ is

o(z) = sup P(y) — |z — y|*.

e A D
’ “&

For a c-convex optimal ¢, optimal plans will concentrate on ‘A.

0 ={(z,y) | ¢°(y) — o(z) = |z — y|*} .

After computation, ¢ is exactly the set of (x,y) such that
2(y — x) belongs to the (classical) subdifferential of ¢ at .

[--2,1%

Averil Aussedat Some recent developments in Wasserstein geometry May 14, 2026 6/24



Introduction
000080

Dual problem (2/2)

For fixed ¢, the largest admissible 1) is
W(y) = il o(2) + [z - y* = o (y).
Then, for fixed ¥ = ¢°, the smallest admissible ¢ is

o(z) = sup P(y) — |z —y|*.
y€ERD

For a c-convex optimal ¢, optimal plans will concentrate on

0 ={(z,y) | ¢°(y) — o(z) = |z — y|*} .

After computation, ¢ is exactly the set of (x,y) such that
2(y — x) belongs to the (classical) subdifferential of ¢ at .

= g".‘
- H
’,\

9?: ch[.\,

Averil Aussedat Some recent developments in Wasserstein geometry May 14, 2026

6/24



Introduction
00000e

Lines of research

Properties of OT maps
e Uniqueness if the measure is nice enough (Brenier, McCann, Gigli)

Averil Aussedat Some recent developments in Wasserstein geometry May 14, 2026 7/24



Introduction
00000e

Lines of research

Properties of OT maps
e Uniqueness if the measure is nice enough (Brenier, McCann, Gigli)
e Monge-Ampére equation, higher regularity (Caffarelli, Figalli-De Philippis, Ma-Trudinger-Wang)

Averil Aussedat Some recent developments in Wasserstein geometry May 14, 2026 7/24



Introduction
00000e

Lines of research

Properties of OT maps
e Uniqueness if the measure is nice enough (Brenier, McCann, Gigli)
e Monge-Ampére equation, higher regularity (Caffarelli, Figalli-De Philippis, Ma-Trudinger-Wang)
e Stability, Holder exponents (Gigli, Mérigot, Delalande, Letrouit)

Averil Aussedat Some recent developments in Wasserstein geometry May 14, 2026 7/24



Introduction
00000e

Lines of research

Properties of OT maps
e Uniqueness if the measure is nice enough (Brenier, McCann, Gigli)
e Monge-Ampére equation, higher regularity (Caffarelli, Figalli-De Philippis, Ma-Trudinger-Wang)
e Stability, Holder exponents (Gigli, Mérigot, Delalande, Letrouit)
Curvature and non-smoothness
e PDEs: Otto's calculus, gradient flows in &5 (Otto, Brenier, Benamou, Ambrosio-Gigli-Savaré)

Averil Aussedat Some recent developments in Wasserstein geometry May 14, 2026 7/24



Introduction
00000e

Lines of research

Properties of OT maps
e Uniqueness if the measure is nice enough (Brenier, McCann, Gigli)
e Monge-Ampére equation, higher regularity (Caffarelli, Figalli-De Philippis, Ma-Trudinger-Wang)
e Stability, Holder exponents (Gigli, Mérigot, Delalande, Letrouit)

Curvature and non-smoothness
e PDEs: Otto's calculus, gradient flows in &5 (Otto, Brenier, Benamou, Ambrosio-Gigli-Savaré)
e Convexity of entropy along geodesics, synthetic curvature (McCann, Lott-Villani, Sturm)

Averil Aussedat Some recent developments in Wasserstein geometry May 14, 2026 7/24



Introduction
00000e

Lines of research

Properties of OT maps
e Uniqueness if the measure is nice enough (Brenier, McCann, Gigli)
e Monge-Ampére equation, higher regularity (Caffarelli, Figalli-De Philippis, Ma-Trudinger-Wang)
e Stability, Holder exponents (Gigli, Mérigot, Delalande, Letrouit)
Curvature and non-smoothness
e PDEs: Otto's calculus, gradient flows in &5 (Otto, Brenier, Benamou, Ambrosio-Gigli-Savaré)
e Convexity of entropy along geodesics, synthetic curvature (McCann, Lott-Villani, Sturm)
Functional inequalities

e Sobolev/isoperimetric inequalities (Cordero-Erausquin-Nazaret-Villani, Figalli-Maggi-Pratelli)

Averil Aussedat Some recent developments in Wasserstein geometry May 14, 2026 7/24



Introduction
00000e

Lines of research

Properties of OT maps
e Uniqueness if the measure is nice enough (Brenier, McCann, Gigli)
e Monge-Ampére equation, higher regularity (Caffarelli, Figalli-De Philippis, Ma-Trudinger-Wang)
e Stability, Holder exponents (Gigli, Mérigot, Delalande, Letrouit)
Curvature and non-smoothness
e PDEs: Otto's calculus, gradient flows in &5 (Otto, Brenier, Benamou, Ambrosio-Gigli-Savaré)
e Convexity of entropy along geodesics, synthetic curvature (McCann, Lott-Villani, Sturm)
Functional inequalities
e Sobolev/isoperimetric inequalities (Cordero-Erausquin-Nazaret-Villani, Figalli-Maggi-Pratelli)
o Caffarelli’s contraction theorem, higher integrability (Serre)

Averil Aussedat Some recent developments in Wasserstein geometry May 14, 2026 7/24



Introduction
00000e

Lines of research

Properties of OT maps
e Uniqueness if the measure is nice enough (Brenier, McCann, Gigli)
e Monge-Ampére equation, higher regularity (Caffarelli, Figalli-De Philippis, Ma-Trudinger-Wang)
e Stability, Holder exponents (Gigli, Mérigot, Delalande, Letrouit)
Curvature and non-smoothness
e PDEs: Otto's calculus, gradient flows in &5 (Otto, Brenier, Benamou, Ambrosio-Gigli-Savaré)
e Convexity of entropy along geodesics, synthetic curvature (McCann, Lott-Villani, Sturm)
Functional inequalities
e Sobolev/isoperimetric inequalities (Cordero-Erausquin-Nazaret-Villani, Figalli-Maggi-Pratelli)
o Caffarelli’s contraction theorem, higher integrability (Serre)
Numerical applications/motivations

e Barycenters for image processing (Agueh-Carlier), Sinkhorn algorithm (Cuturi)

Averil Aussedat Some recent developments in Wasserstein geometry May 14, 2026 7/24



Introduction
00000e

Lines of research

Properties of OT maps
e Uniqueness if the measure is nice enough (Brenier, McCann, Gigli)
e Monge-Ampére equation, higher regularity (Caffarelli, Figalli-De Philippis, Ma-Trudinger-Wang)
e Stability, Holder exponents (Gigli, Mérigot, Delalande, Letrouit)
Curvature and non-smoothness
e PDEs: Otto's calculus, gradient flows in &5 (Otto, Brenier, Benamou, Ambrosio-Gigli-Savaré)
e Convexity of entropy along geodesics, synthetic curvature (McCann, Lott-Villani, Sturm)
Functional inequalities
e Sobolev/isoperimetric inequalities (Cordero-Erausquin-Nazaret-Villani, Figalli-Maggi-Pratelli)
o Caffarelli’s contraction theorem, higher integrability (Serre)
Numerical applications/motivations
e Barycenters for image processing (Agueh-Carlier), Sinkhorn algorithm (Cuturi)
e Semi-discrete OT for PDEs and shape optimization (Mérigot)

Averil Aussedat Some recent developments in Wasserstein geometry May 14, 2026 7/24



Introduction
00000e

Lines of research

Properties of OT maps
e Uniqueness if the measure is nice enough (Brenier, McCann, Gigli)
e Monge-Ampére equation, higher regularity (Caffarelli, Figalli-De Philippis, Ma-Trudinger-Wang)
e Stability, Holder exponents (Gigli, Mérigot, Delalande, Letrouit)
Curvature and non-smoothness
e PDEs: Otto's calculus, gradient flows in &5 (Otto, Brenier, Benamou, Ambrosio-Gigli-Savaré)
e Convexity of entropy along geodesics, synthetic curvature (McCann, Lott-Villani, Sturm)
Functional inequalities
e Sobolev/isoperimetric inequalities (Cordero-Erausquin-Nazaret-Villani, Figalli-Maggi-Pratelli)
o Caffarelli’s contraction theorem, higher integrability (Serre)
Numerical applications/motivations
e Barycenters for image processing (Agueh-Carlier), Sinkhorn algorithm (Cuturi)
e Semi-discrete OT for PDEs and shape optimization (Mérigot)
e Variants: Gaussian OT, MMOT, WOT (BOT, MOT), recent Tropical OT...

Averil Aussedat

etc, etc.

Some recent developments in Wasserstein geometry May 14, 2026 7/24



Before the limit

Table of Contents

Before the limit
Convex orders
Extension of geodesics

Averil Aussedat

Some recent developments in Wasserstein geometry

May 14, 2026

7/24



Before the limit
€000

Convex orders

Two measures pu, v are in convex order if there exists 17 € I'(s, V) such that

n= & N, / ydn.(y) =x for p-a.e. x € R%
y€ERD

Averil Aussedat Some recent developments in Wasserstein geometry May 14, 2026 8/24



Before the limit
€000

Convex orders

Two measures pu, v are in convex order if there exists 17 € I'(s, V) such that
n=p& N, / ydn.(y) =z for p-a.e. xz € R%
y€ERD

Such plans 7 are called martingale plans. We then say that u <. v.

Averil Aussedat Some recent developments in Wasserstein geometry May 14, 2026 8/24



Before the limit
€000

Convex orders

Two measures pu, v are in convex order if there exists 17 € I'(s, V) such that
n=p& N, / ydn.(y) =z for p-a.e. xz € R%
y€ERD

Such plans 7 are called martingale plans. We then say that u <. v.

Theorem — Strassen ;<. v if and only if [ du < [ ¢dv for any convex ¢ : R — R.

Averil Aussedat Some recent developments in Wasserstein geometry May 14, 2026 8/24



Before the limit
€000

Convex orders

Two measures pu, v are in convex order if there exists 17 € I'(s, V) such that
n=p& N, / ydn.(y) =z for p-a.e. xz € R%
y€ERD

Such plans 7 are called martingale plans. We then say that u <. v.

Theorem — Strassen ;<. v if and only if [ du < [ ¢dv for any convex ¢ : R — R.

Mainly studied for applications in finance, evaluation of martingale processes (Backhoff-Veraguas,
Beiglbock, Pammer, Juillet, Schachermayer, Acciaio, Loeper...).
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C:::{yeﬂg(Rd)’ugcy}, —{1/6:@2 |1/\cu}

Both C, and C:[ are convex as subsets of measures. Moreover,

C; is horizontally convex, i.e. if vy, v, € C;, then

(=) +tmy) ym€C, Vt € 10,1] and n € T'(vp, v1).

Consequently, any v € Z5(R%) admits a unique metric projection p, on C,, . and the unique optimal
transport plan between v and p, is of the form n = (id,T")4v for some T E L2
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The swapping theorem

Theorem — [ACJ20]* For u,v € P3(R%),
there holds

W2 (n,CH) =W?(C, ,v).

LA. Alfonsi, J. Corbetta, and B. Jourdain, “Sampling of probability measures in the convex order by Wasserstein projection” (2020).

Averil Aussedat Some recent developments in Wasserstein geometry May 14, 2026 10 /24



Before the limit
0000

The swapping theorem

Theorem — [ACJ20]* For u,v € P3(R%),

there holds
W2 (u,CH) = W2 (C;,v) - \7./#’

LA. Alfonsi, J. Corbetta, and B. Jourdain, “Sampling of probability measures in the convex order by Wasserstein projection” (2020).

Averil Aussedat Some recent developments in Wasserstein geometry May 14, 2026 10 /24



Before the limit
0000

The swapping theorem

Theorem — [ACJ20]* For u,v € P3(R%),

there holds '?J
W2 (1, C) = W2 (C;,v) . \7.4"

Moreover, let p, = Ty v be the projection of v on C,,.

LA. Alfonsi, J. Corbetta, and B. Jourdain, “Sampling of probability measures in the convex order by Wasserstein projection” (2020).

Averil Aussedat Some recent developments in Wasserstein geometry May 14, 2026 10 /24



Before the limit
0000

The swapping theorem

Theorem — [ACJ20]* For u,v € P3(R%),

there holds '?J
W2 (1, C) = W2 (C;,v) . \7.4"

we

Let 7 be a martingale plan in I'(p,, i), and /(.r'

w = /emd (id + z = T(2)) 0w dv(2).

Moreover, let p,, = Tz be the projection of v on C
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The swapping theorem

Theorem — [ACJ20]* For u,v € P3(R%), /
there holds T
W2 (n,CH) =W?(C, ,v). /

Moreover, let p, = Ty v be the projection of v on C,,. F’.
Let 1 be a martingale plan in T'(p,, 1), and

w = /emd (id + z = T(2)) 0w dv(2).

Then w € C;f, and W2 (u,w) = W2 (u,C,5). Application in sampling in convex order [Kim+25]°.

LA. Alfonsi, J. Corbetta, and B. Jourdain, “Sampling of probability measures in the convex order by Wasserstein projection” (2020).
2J. Kim, Y.-H. Kim, Y. Ruan, and A. Warren, Statistical inference of convex order by Wasserstein projection (2025).
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Theorem The map T sending v to p, is 1-Lipschitz.
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Theorem The map T sending v to p, is 1-Lipschitz.

Therefore, between any measures v and u, there exists a plan 1 that writes as a composition between a
1-Lipschitz map (projecting v on C;;) and a martingale coupling [GJ20]".

IN. Gozlan and N. Juillet, “On a mixture of Brenier and Strassen Theorems” (2020).
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0oo0e

Gozlan-Juillet decomposition

Theorem The map T sending v to p, is 1-Lipschitz.

Therefore, between any measures v and u, there exists a plan 1 that writes as a composition between a
1-Lipschitz map (projecting v on C;;) and a martingale coupling [GJ20]".

Caffarelli’s contraction theorem If v is the Gaussian measure, and u=e Vv for V:R? - R
convex, then there exists a 1-Lipschitz application pushing v on pu.

This “backward” decomposition has a “forward” analogue [KR21]?.

IN. Gozlan and N. Juillet, “On a mixture of Brenier and Strassen Theorems” (2020).
2Y.-H. Kim and Y. L. Ruan, Backward and Forward Wasserstein Projections in Stochastic Order (2021).
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Before the limit

Extension of geodesics

Let 1 induce a geodesic 7. One could naively declare

Vo= (1 =) +tmy)ym vVt e R.
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Before the limit

Extension of geodesics

Let n induce a geodesic y. One could naively declare S~o
Y= (1= +tmy),m  VEER

Motivated by numerical schemes, [GNT22]! considered

—_—

2 2
inf W (V7 ﬂyl) _ W (V? ,70)’ t > 1.
vez,(RY) 2(t—1) 2t ~

(Ft)

1T, Gallouét, A. Natale, and G. Todeschi, “From geodesic extrapolation to a variational BDF2 scheme for Wasserstein gradient flows”
(2022). See also T. O. Gallouét, A. Natale, and G. Todeschi, Metric extrapolation in the Wasserstein space (2025).
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Theorem (P,) admits a unique minimizer, that coincides
with the maximal geodesic extension of 7.

1T, Gallouét, A. Natale, and G. Todeschi, “From geodesic extrapolation to a variational BDF2 scheme for Wasserstein gradient flows”
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Theorem (P,) admits a unique minimizer, that coincides
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Before the limit

Convex orders

Denote v, the unique minimizer of (P;) with ¢ > 1.
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Convex orders

Denote v, the unique minimizer of (P;) with ¢ > 1.
Then

%o
e there exists a geodesic « on [0, ] such that 4 & X "14,!,(1 %e

Q1 = 71, O = Vg,

Averil Aussedat Some recent developments in Wasserstein geometry May 14, 2026 13 /24
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Convex orders

Denote v, the unique minimizer of (P;) with ¢ > 1.
Then

%o
e there exists a geodesic « on [0, ] such that 4 & X "14,!,(1 %e
o =1, 0p = V4, and

g <c Y0- qu
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Before the limit

Convex orders

Denote v, the unique minimizer of (P;) with ¢ > 1.

Then oo
A &—X & 4

e there exists a geodesic « on [0, ] such that "14,“(1 Ve
ay =71, ap = 1y, and ‘ 'l(lt
ap < Y0- .,10
e there exists a geodesic 5 on [0, ¢] such that o
Bo =0, Bt = 14, X X
A =» W 4
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Convex orders

Denote v, the unique minimizer of (P;) with ¢ > 1.

Then oo
A &—X & 4

e there exists a geodesic « on [0, ] such that "14,“(1 Ve
ay =71, ap = 1y, and :(\
t
ap < Y0- qu
e there exists a geodesic 5 on [0, ¢] such that o
=0, B¢ = 14, and
Bo = 70, Bt t X X
1 <e P1- a - 4-. a4
1 Ve
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Before the limit

Convex orders

Denote v, the unique minimizer of (P;) with ¢ > 1.

Then Lo
e there exists a geodesic « on [0, ] such that 4 & X 4.! a
saq Ve
ay =71, ap = 1y, and :(\
t
g <c Y0- qu
e there exists a geodesic 5 on [0, ¢] such that o
Bo = Y0, B¢ = v, and
X X
7 <e B a . '14—. %
Arises from (many) dual formulations of the X K lle
Be B

problem (P;) (again Gallouét-Natale-Todeschi).
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Before the limit

Regularization of /2

Almost simultaneously, [BL24]! introduced the sup-convolution (with A > 1 large)

Dx(u po) = sup  W2(po,v) = AW?(p,v).
vE P45 (RE)

1C. Bertucci and P. L. Lions, An approximation of the squared Wasserstein distance and an application to Hamilton-Jacobi equations
(2024).
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1C. Bertucci and P. L. Lions, An approximation of the squared Wasserstein distance and an application to Hamilton-Jacobi equations
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Before the limit

vV 2

Regularization of |

Almost simultaneously, [BL24]! introduced the sup-convolution (with A > 1 large)

Dx(u po) = sup  W2(po,v) = AW?(p,v).
vE P45 (RE)

Letting t) = ﬁ > 1, we see that

W2(p,v)  W?(po,v)
o — 2ty inf V) _ oY)
At o) X e (i) 20ty — 1) 2,

Theorem  The function ®, (-, 1u0) is C! in the sense of Lions. As A\ — oo, its Wasserstein
gradient at u converges in Lz to the element of minimal norm of the superdifferential of W?2(-, ug).

1C. Bertucci and P. L. Lions, An approximation of the squared Wasserstein distance and an application to Hamilton-Jacobi equations
(2024).
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Measure fields

We now blow-up the space &25(R?) around a point . To this aim, define the set of measure fields as

Po(TRY), = {& = {(dz, dv) € Po(TRY) | mpp€ = p} .
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©000

Measure fields

We now blow-up the space &25(R?) around a point . To this aim, define the set of measure fields as
Po(TRY), = {& = {(dz, dv) € Po(TRY) | mpp€ = p} .

Viewing Z5(TR?),, ~ L2 (R%; 2,(R?)), we define

WHEO = [ WA Cdu@) (60, = [ (), duo)
zERY zERd
where the metric scalar product between disintegrations is given by

<£z) Cz>x = sup / (v, w) doy,.

0z €0 (Ex,Cx)
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bijection with the martingale plans, and there always holds (£, C0># > 0.
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Let £ € P5(TR?),,. Its barycenter be € L2 (R4 R?) is defined by g°

be(ir) = v, (v)
/veTde \)g %

and the remaining centred part of £ is £ = (7, my, — be(74)) 2&.

For any &,( € Z5(TR?),,, there holds \’\’

(€. = (be,b)p + (%%, -

0
Consequently, 25(TR?),, = L2 @& Z5(TR%)". The second factor is in @9&1\@\\»

bijection with the martingale plans, and there always holds (£, C0># > 0. t‘v
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Tangent cone

Definition — Geometric tangent cone [Gig08]! The set Tan, C Z5(TRY), is defined as

Wy
Tan,, = {(7z, N(my — 7)) 51 | A =0, 1 € To(p, Z2(RY))} .

IN. Gigli, “On the geometry of the space of probability measures endowed with the quadratic optimal transport distance” (2008).
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e Remarkable properties: stable by interpolation through any plan and multiplication by any real
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Tan,, = {(7z, N(my — 7)) 51 | A =0, 1 € To(p, Z2(RY))} .

e Remarkable properties: stable by interpolation through any plan and multiplication by any real
scalar (Props. 4.25 and 4.29). Consequently, well-defined projection from &25(TR?),, into Tan,,.

e For sufficiently nice measures,

Tan, = Tan, = {(id, V) zp | ¢ € C’go(]Rd;R)}W“.

IN. Gigli, “On the geometry of the space of probability measures endowed with the quadratic optimal transport distance” (2008).
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Tangent cone

Definition — Geometric tangent cone [Gig08]! The set Tan, C Z5(TRY), is defined as

Wy
Tan,, = {(7z, N(my — 7)) 51 | A =0, 1 € To(p, Z2(RY))} .

e Remarkable properties: stable by interpolation through any plan and multiplication by any real
scalar (Props. 4.25 and 4.29). Consequently, well-defined projection from &25(TR?),, into Tan,,.

e For sufficiently nice measures,

Tan, = Tan, = {(id, V) zp | ¢ € C’go(]Rd;R)}W“.

In general, any £ € Tan,, is a superposition of elements of Tan,,, but the converse is false.

IN. Gigli, “On the geometry of the space of probability measures endowed with the quadratic optimal transport distance” (2008).
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Split Tan,, = Tan,, @ Tanj, by intersecting with L2 and 275(TR?)5.
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Then Tang is local, and each ¢ € Tang is concentrated on normal
spaces to “surfaces of dimension k" disjointing (.

Agree that A is o — DCy, if it is covered by countably many rotations

of graphs of DC (differences of convex) functions from R* to R4=*.
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Then Tang is local, and each ¢ € Tang is concentrated on normal
spaces to “surfaces of dimension k" disjointing (.

Agree that A is o — DCy, if it is covered by countably many rotations

of graphs of DC (differences of convex) functions from R* to R4=*.

Theorem — [Aus25a]'  Each u = pig + 1 + -+ - + pa, where
ur = pl Ayg for disjoint 0 — DCy, sets Ay.

LA. Aussedat, Locality of centred tangent cones in the Wasserstein space (2025).
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spaces to “surfaces of dimension k" disjointing (.

Agree that A is o — DCy, if it is covered by countably many rotations

of graphs of DC (differences of convex) functions from R* to R4=*.

Theorem — [Aus25a]'  Each u = pig + 1 + -+ - + pa, where
ur = pl Ayg for disjoint 0 — DCy, sets Ai. Moreover, T, Ay
exists pi-a.e.,

LA. Aussedat, Locality of centred tangent cones in the Wasserstein space (2025).
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Split Tan,, = Tan,, @ Tanj, by intersecting with L2 and 275(TR?)5.
Then Tang is local, and each ¢ € Tang is concentrated on normal
spaces to “surfaces of dimension k" disjointing (.

Agree that A is o — DCy, if it is covered by countably many rotations

of graphs of DC (differences of convex) functions from R* to R4=*.

Theorem — [Aus25a]'  Each u = pig + 1 + -+ - + pa, where
ur = pl Ayg for disjoint 0 — DCy, sets Ai. Moreover, T, Ay
exists pg-a.e., and £ € Tang if and only if

E=&+---+&, and veT.Ar for &g-a.e. (x,v).

LA. Aussedat, Locality of centred tangent cones in the Wasserstein space (2025).
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After the limit
oooe

Centred factor of Tan,,

Split Tan,, = Tan,, @ Tanj, by intersecting with L2 and 275(TR?)5.
Then Tang is local, and each ¢ € Tang is concentrated on normal
spaces to “surfaces of dimension k" disjointing (.

Agree that A is o — DCy, if it is covered by countably many rotations

of graphs of DC (differences of convex) functions from R* to R4=*.

Theorem — [Aus25a]'  Each u = pig + 1 + -+ - + pa, where
ur = pl Ayg for disjoint 0 — DCy, sets Ai. Moreover, T, Ay
exists pg-a.e., and £ € Tang if and only if

E=&+---+&, and veT.Ar for &g-a.e. (x,v).

Generalizes [Lot16]? to any measure.

LA. Aussedat, Locality of centred tangent cones in the Wasserstein space (2025).
2J. Lott, "On tangent cones in Wasserstein space’” (2016).
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Characterization of map-induced tangent measure fields

The definition of £ € Tan,, is equivalent to being a T,,-limit point of a sequence (&), such that
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W e Am)s) = g, o= ([ o) e ml
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Characterization of map-induced tangent measure fields

The definition of £ € Tan,, is equivalent to being a T,,-limit point of a sequence (&), such that

1/2
W e Am)s) = g, o= ([ o) e ml

Theorem — [Aus25b]'  Assume that & = (id, f)4p for some f € L2 (R%RY).

LA. Aussedat, “"Optimal control problems and Hamilton-Jacobi-Bellman equations in some curved metric spaces” (2025).
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Characterization of map-induced tangent measure fields

The definition of £ € Tan,, is equivalent to being a T,,-limit point of a sequence (&), such that

1/2
W e Am)s) = g, o= ([ o) e ml

Theorem — [Aus25b]'  Assume that & = (id, f)4p for some f € L2(R%R?). Then

W id + h
¢ € Tan, PN iy WV, (id + hf)gn)
h\0 h

= 1€l = 1Ifllzz-

LA. Aussedat, “"Optimal control problems and Hamilton-Jacobi-Bellman equations in some curved metric spaces” (2025).
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Centred measure fields

This characterization does not hold in the general case.
The situation splits in two sub-problems:

e For which measures y € &25(R%) does it hold that

: W(ﬂa ('/Tm + hﬂv)#g)
(1) ¢e€Tan, — }1}{1}) W

= [1€ll 7
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Along the limit
0e0

Centred measure fields

This characterization does not hold in the general case.
The situation splits in two sub-problems:

e For which measures y € &25(R%) does it hold that

W(ﬂa ('/Tm + hﬂv)#g)

(1) ¢eTan, < lm ] — el ?
e Among those, which measures satisfy
W, (mp + hy) Q)
2 Tan;; = ] ’ =0 7
(2) e Tan? tim /
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This characterization does not hold in the general case.
The situation splits in two sub-problems:

e For which measures y € &25(R%) does it hold that

W(ﬂa ('/Tm + hﬂv)#g)

(1)  §€Tan, = Jimy W =&l ?
e Among those, which measures satisfy
W, (75 + hmy)#0)
1 ’ # — 2
(2) ¢ € Tan, — Flblg}) A 0 7

The set Tani generalizes divergence-free fields: the latter
property can be seen as an extension of the Liouville theorem.
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Along the limit
0e0

Centred measure fields

This characterization does not hold in the general case.
The situation splits in two sub-problems:

e For which measures y € &25(R%) does it hold that

d=1.ifp<g L,
then (2) holds.

d = 1: there is p & L
(1) €& Tan, — lim W, (me + hmy) %) = llell,, ? such that (2) holds.
AN\O h Intuitively, such measures

e Among those, which measures satisfy are exceptions among
singular ones.

=0 7

W, (T + by ) 4€)
1 )
(2) ¢ € Tan, = Fl}{‘% .

The set Tani generalizes divergence-free fields: the latter
property can be seen as an extension of the Liouville theorem.
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e For which measures y € &25(R%) does it hold that
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(1)  §€Tan, = Jimy W =&l ?
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Centred measure fields

Along the limit
0e0

This characterization does not hold in the general case.
The situation splits in two sub-problems:

e For which measures y € &25(R%) does it hold that

W(Na (Wr + hwv)#f)

(1)  §€Tan, = Jimy W =&l ?
e Among those, which measures satisfy
- Wp, (e + hy)4C)
1 ’ # — 2
(2) ¢ € Tan, — flfgﬁ . 0 7

The set Tani generalizes divergence-free fields: the latter
property can be seen as an extension of the Liouville theorem.
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d=1.ifp<g L,
then (2) holds.

d = 1: there is p & L
such that (2) holds.
Intuitively, such measures
are exceptions among
singular ones.

d = 1: characterization of
measures satisfying (1).

d > 1; both (1) and (2) are
open in the general case.
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The first problem in dimension one

A set A C R belongs to A if there exists vanishing sequences (s,,),, and (7,,), such that for any x € A,

B(w,8,) N AC B(x,Tsn)-
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The first problem in dimension one

A set A C R belongs to A if there exists vanishing sequences (s,,),, and (7,,), such that for any x € A,
B(w,8,) N AC B(x,Tsn)-

Sets in A are porous, symmetrically porous, and “more and more porous” as one zooms, uniformly in A.

Theorem — [Aus26]! Let 1 € Z5(R). The following are equivalent:
e Tan, coincides with the set of £ € Z5(TR?),, inducing a curve of initial velocity ||]|,,;

LA. Aussedat, Characterization of measures on the real line that are critically unstable under small shifts (2026).
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Theorem — [Aus26]! Let 1 € Z5(R). The following are equivalent:
e Tan, coincides with the set of £ € Z5(TR?),, inducing a curve of initial velocity ||]|,,;
e the diffuse part pq of v (removing the atoms) satisfies 11 (A) = 0 for any A € A.
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Along the limit
ooe

The first problem in dimension one

A set A C R belongs to A if there exists vanishing sequences (s,,),, and (7,,), such that for any x € A,
B(w,8,) N AC B(x,Tsn)-

Sets in A are porous, symmetrically porous, and “more and more porous” as one zooms, uniformly in A.

Theorem — [Aus26]! Let 1 € Z5(R). The following are equivalent:
e Tan, coincides with the set of £ € Z5(TR?),, inducing a curve of initial velocity ||]|,,;
e the diffuse part pq of v (removing the atoms) satisfies 11 (A) = 0 for any A € A.

Le reste, je ne le sais pas.
(Beyond, | don't know.)

LA. Aussedat, Characterization of measures on the real line that are critically unstable under small shifts (2026).
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KR geometry
@00

Bouchitté's tangent cone

We change the geometry: define the Kantorovich-Rubinstein norm over (signed) measures as

|lw|kr == sup /fdw

f€Lipy
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|lw|kr == sup /fdw

f€Lipy

Il - Ik extends the 1-Wasserstein distance: ||u — v|lkr = Wi(u,v) for p,v in 2.
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Bouchitté's tangent cone

We change the geometry: define the Kantorovich-Rubinstein norm over (signed) measures as

lwllkr = sup /fdw

f€Lipy

Il - Ik extends the 1-Wasserstein distance: ||u — v|lkr = Wi(u,v) for p,v in 2.

Definition — Bouchitté tangent cone [BCJ05]' Define the “Arens-Eells” space as

o {w € Meas(R%), ‘ w|(RY) < oo, /w _ 0}| "

1G. Bouchitté, T. Champion, and C. Jimenez, “Completion of the space of measures in the Kantorovich norm” (2005).
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Bouchitté's tangent cone

We change the geometry: define the Kantorovich-Rubinstein norm over (signed) measures as

lwllkr = sup /fdw

f€Lipy

Il - Ik extends the 1-Wasserstein distance: ||u — v|lkr = Wi(u,v) for p,v in 2.

Definition — Bouchitté tangent cone [BCJ05]' Define the “Arens-Eells” space as

o {w € Meas(R%), ‘ w|(RY) < oo, /w _ 0}| "

The tangent cone 7, is given by the elements o € L}L(Rd;Rd) such that —div (ou) € A£.

1G. Bouchitté, T. Champion, and C. Jimenez, “Completion of the space of measures in the Kantorovich norm” (2005).
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Properties

o If p=H'LE for a l-rectifiable set £ C R?, then f € T, if and only if  f(z) € T,.E H'-ae..
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o If p=H'LE for a l-rectifiable set £ C R?, then f € T, if and only if  f(z) € T,.E H'-ae..

e The set 7, is local: there exists a vector-space-valued application G : R? = R such that

feTu = f(z) € G(x) for p-a.e. z € RY.
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Properties

o If p=H'LE for a l-rectifiable set £ C R?, then f € T, if and only if  f(z) € T,.E H'-ae..
e The set 7, is local: there exists a vector-space-valued application G : R? = R such that

feTu = f(z) € G(x) for p-a.e. z € RY.

e G coincides with the decomposability bundle of Alberti-Marchese [AM16]'. Consequently, any
f € Lip is differentiable along G(z) for p-a.e. x, and G is the largest multifunction (up to
p-negligible sets) with this property.

1G. Alberti and A. Marchese, "On the differentiability of Lipschitz functions with respect to measures in the Euclidean space” (2016).
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Properties

If 4 =H'L E for a l-rectifiable set £ C R?, then f € T, ifand only if f(z) € T,E H'-ae..
The set 7, is local: there exists a vector-space-valued application G : R? = R such that

feTu = f(z) € G(x) for p-a.e. z € RY.

G coincides with the decomposability bundle of Alberti-Marchese [AM16]*. Consequently, any
f € Lip is differentiable along G(z) for p-a.e. x, and G is the largest multifunction (up to
p-negligible sets) with this property.

G(z) = R? at p-a.e. point iff z1 is absolutely continuous with respect to the Lebesgue measure.

1G. Alberti and A. Marchese, "On the differentiability of Lipschitz functions with respect to measures in the Euclidean space” (2016).
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Difference with 2-Wasserstein

Let d = 2 for simplicity. Recall the decomposition p = g + p1 + pe according to the “2-Wasserstein
geometry”, where 1, is concentrated on a ¢ — DCy, set.
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Difference with 2-Wasserstein

Let d = 2 for simplicity. Recall the decomposition p = g + p1 + pe according to the “2-Wasserstein
geometry”, where 1, is concentrated on a ¢ — DCy, set.

There exists a measure p € Z.(R?) that is
e concentrated on a rectifiable set, hence of “dimension 1" by Bouchitté/Alberti-Marchese,

e decomposing as p1 = g in P4, hence classified as “dimension 2" there.

Take p = H! L graph(g), where g : [0,1] — [0, 1] is a Lipschitz function that is not approximately twice
differentiable at any point [Kha06]*.

1A. B. Kharazishvili, Strange functions in real analysis (2006).
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Difference with 2-Wasserstein

Let d = 2 for simplicity. Recall the decomposition p = g + p1 + pe according to the “2-Wasserstein
geometry”, where 1, is concentrated on a ¢ — DCy, set.

There exists a measure p € Z.(R?) that is
e concentrated on a rectifiable set, hence of “dimension 1" by Bouchitté/Alberti-Marchese,

e decomposing as p1 = g in P4, hence classified as “dimension 2" there.

Take p = H! L graph(g), where g : [0,1] — [0, 1] is a Lipschitz function that is not approximately twice
differentiable at any point [Kha06]'. Then graph(g) oscillates too much to be covered by countably
many DC functions on a set of positive H! measure, but is still rectifiable (since g is Lipschitz).

1A. B. Kharazishvili, Strange functions in real analysis (2006).
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Some open problems

e Give grounds to the “stratified manifold” structure of #;(R?) (Takatsu, Gangbo-Kim-Pacini).
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The decomposition p = pg + - - - + pg yields natural candidates for the strata, but these are not
even geodesically convex. As a proxy: stability of tangent cones around p = pg?

e Open problems along the limit.
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e Give grounds to the “stratified manifold” structure of #;(R?) (Takatsu, Gangbo-Kim-Pacini).
The decomposition p = pg + - - - + pg yields natural candidates for the strata, but these are not
even geodesically convex. As a proxy: stability of tangent cones around p = pg?

e Open problems along the limit.

e Understand the gap between the "KR cone” and the “2-Wasserstein cone”. For instance, would the
latter be the subset of the former for which a suitable definition of curvature has some regularity?
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Some open problems

e Give grounds to the “stratified manifold” structure of #;(R?) (Takatsu, Gangbo-Kim-Pacini).
The decomposition p = pg + - - - + pg yields natural candidates for the strata, but these are not
even geodesically convex. As a proxy: stability of tangent cones around p = pg?

e Open problems along the limit.

e Understand the gap between the "KR cone” and the “2-Wasserstein cone”. For instance, would the
latter be the subset of the former for which a suitable definition of curvature has some regularity?

Thank you for your attention!

Averil Aussedat Some recent developments in Wasserstein geometry May 14, 2026 24 /24



	Introduction
	Before the limit
	Convex orders
	Extension of geodesics

	After the limit
	Along the limit
	KR geometry
	

