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Classical HJB

We are interested in solutions v of equations of the form

(1) — Ow(t,x) + 31618 —(Vu(t,x), f(z,u)) =0, o(T,")=3.
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. . ~ . ~/ t .
Given a terminal cost J, one wants to minimize J(y;""") among these solutions.
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Classical HJB

We are interested in solutions v of equations of the form

(1) — Ow(t,x) + 31615 —(Vu(t,x), f(z,u)) =0, o(T,")=3.

Arises in control problems. Precisely, consider (yﬁ’z’“)se[t 7] solving the controlled ODE system
Ys :f(yS’u(S))’ Y=<

Given a terminal cost J, one wants to minimize 3(ytT”“‘) among these solutions. Bellman approach:
define the value function

V(t,z) = inf 3 (yp™).
(t) u<'>eL1°rE[t,T];U)"( i)
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Classical HJB

We are interested in solutions v of equations of the form

(1) — Ow(t,x) + 31615 —(Vu(t,x), f(z,u)) =0, o(T,")=3.

Arises in control problems. Precisely, consider (yﬁ’z’“)se[th] solving the controlled ODE system

s = flys,ul(s)),  y =2

t,x,u

Given a terminal cost J, one wants to minimize J(y;"") among these solutions. Bellman approach:
define the value function

V(t,z) = inf 3 (yp™).
(t) u<'>eL1°rE[t,T];U)"( i)

A main result of HJB theory is that under suitable regularity, V is the unique viscosity solution of (1).
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Viscosity solutions

In more generality, for H = H(x,p) a Hamiltonian, consider

—Owu(t,z) + H (x, Dyu(t,x)) =0 + terminal condition.

Averil Aussedat A geometric question in &5



Introduction: HJB equations
oe

Viscosity solutions

In more generality, for H = H(x,p) a Hamiltonian, consider

—Owu(t,z) + H (x, Dyu(t,x)) =0 + terminal condition.

Known that one should not wish for smooth solutions.
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Viscosity solutions

In more generality, for H = H(x,p) a Hamiltonian, consider
—Owu(t,z) + H (x, Dyu(t,x)) =0 + terminal condition.
Known that one should not wish for smooth solutions. Appropriate definition by “nonlinear testing™

Cp(t ) Sub- Solution .
! -9(.,‘?&,13 + H(‘I ,'P) <o0.
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wit,”
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Viscosity solutions

In more generality, for H = H(x,p) a Hamiltonian, consider
—Owu(t,z) + H (x, Dyu(t,x)) =0 + terminal condition.
Known that one should not wish for smooth solutions. Appropriate definition by “nonlinear testing™
Poxy+ - x? SUb- Solution -
-2 +HE.P) S 0.
wit,” Super- solution
“2,8tn) + W(x,p) 2 0.
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Introduction: HJB equations
oe

Viscosity solutions

In more generality, for H = H(x,p) a Hamiltonian, consider
—Owu(t,z) + H (x, Dyu(t,x)) =0 + terminal condition.
Known that one should not wish for smooth solutions. Appropriate definition by “nonlinear testing™

Ry + p,-x2 Sub- Solution .

-2 +HE.P) S 0.
: W(t,)  supersolubien:
[}
ix 2,8t + H(x,p) 2 0.
[ What about spaces without smooth functions? ]
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CAT(0) spaces

Polish spaces which are geodesic (any two points are linked by at

least one geodesic) and non-positively curved: ‘1‘“
Definition- If v is a geodesi_c and z € Q, the distance . 41((:)
d(x,v(t)) is smaller than what it would be in the plane.
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Definition If v is a geodesic and z € (2, the distance 41((:)
d(x,v(t)) is smaller than what it would be in the plane. -
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L o

Quantitatively, x
d2 (CC,%) < (1 - t)dQ(xa’YO) + tdz(x,’yl) - t(]' - t)d2(70a’yl)'

01(1\

e Equivalently, d?(z,-) is 2-semiconvex along geodesics. Hence uniqueness of geodesics.
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CAT(0) spaces

Polish spaces which are geodesic (any two points are linked by at

least one geodesic) and non-positively curved: ‘1‘“
Definition If v is a geodesic and z € (2, the distance 7((:)
d(x,v(t)) is smaller than what it would be in the plane. -

2~
L o

Quantitatively, x
d2 (CC,%) < (1 - t)dQ(xa’YO) + tdz(x,’yl) - t(]' - t)d2(70a’yl)'

01(1\

e Equivalently, d?(z,-) is 2-semiconvex along geodesics. Hence uniqueness of geodesics.

e Examples: R, 1-d network without loops, Euclidean gluings. HJB equations there (Achdou,
Camilli, Cutri, Tchou, Schieborn, Marchi, Imbert, Monneau, Zidani, Barles, Briani, Chasseigne,
Girard, Forcadel, Cardaligaguet...)
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Canonical construction of tangent cones

Manipulating the squared distance inequality, we get that for two geodesics 7, issued from the same z,

d(y(t),~'(t))
t

t— is nondecreasing.
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Canonical construction of tangent cones

Manipulating the squared distance inequality, we get that for two geodesics 7, issued from the same z,

d(y(t),~'(t))
t

t— is nondecreasing.

Definition — Tangent cone Let T, be the set of limit
points of reparametrized geodesics, with respect to

de(7,7') = }1\1"% w »
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Canonical construction of tangent cones

Manipulating the squared distance inequality, we get that for two geodesics 7, issued from the same z,

d(y(t),~'(t))
t

t— is nondecreasing.

Definition — Tangent cone Let T, be the set of limit
points of reparametrized geodesics, with respect to

! T Q
s (7,7') ::}i\r’%w. 3 g »

e Systematic definition, extends the intuition on gluings.
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Canonical construction of tangent cones

Manipulating the squared distance inequality, we get that for two geodesics 7, issued from the same z,

d(y(t),~'(t))
t

t— is nondecreasing.

Definition — Tangent cone Let T, be the set of limit
points of reparametrized geodesics, with respect to

! T Q
s (7,7') ::}i\r’%w. 3 g »

e Systematic definition, extends the intuition on gluings.

e Provides curves along which one can differentiate.
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HJ equations in CAT(0) spaces

From [JZ23]! (with full details in the thesis of O. Jerhaoui):

) semiconvex ) above
Take test functions that are . when touching from
semiconcave below

10. Jerhaoui and H. Zidani, "Viscosity Solutions of Hamilton-Jacobi Equations in Proper CAT(0) Spaces” (2023).
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) semiconvex ) above
Take test functions that are . when touching from
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Plenty of them: series and compositions of squared distances. Directionally differentiable!

10. Jerhaoui and H. Zidani, "Viscosity Solutions of Hamilton-Jacobi Equations in Proper CAT(0) Spaces” (2023).
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HJ equations in CAT(0) spaces

From [JZ23]! (with full details in the thesis of O. Jerhaoui):

semiconvex above

Take test functions that are {

semiconcave below

when touching from {

Plenty of them: series and compositions of squared distances. Directionally differentiable!

Let H = H(x,p), in which x € Q, and p is a Lipschitz positively homogeneous map from the tangent
cone of z to R.

10. Jerhaoui and H. Zidani, "Viscosity Solutions of Hamilton-Jacobi Equations in Proper CAT(0) Spaces” (2023).
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HJ equations in CAT(0) spaces

From [JZ23]! (with full details in the thesis of O. Jerhaoui):

semiconvex above

semiconcave below

Take test functions that are { when touching from {

Plenty of them: series and compositions of squared distances. Directionally differentiable!

Let H = H(x,p), in which x € Q, and p is a Lipschitz positively homogeneous map from the tangent
cone of z to R. For the model equation —0,u + H(z, Du) =0,

e u subsolution if for any semiconvex ¢ touching u from above at (t,z), —0wp + H(z, Dyp) <O0;

10. Jerhaoui and H. Zidani, "Viscosity Solutions of Hamilton-Jacobi Equations in Proper CAT(0) Spaces” (2023).
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semiconcave below

Plenty of them: series and compositions of squared distances. Directionally differentiable!

Let H = H(x,p), in which x € Q, and p is a Lipschitz positively homogeneous map from the tangent
cone of z to R. For the model equation —0,u + H(z, Du) =0,

e u subsolution if for any semiconvex ¢ touching u from above at (t,z), —0wp + H(z, Dyp) <O0;

e u supersolution if for any semiconcave ¢ touching u from below at (¢,z), —0:p + H(x, Dyp) > 0.
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HJ equations in CAT(0) spaces

From [JZ23]! (with full details in the thesis of O. Jerhaoui):

semiconvex above

Take test functions that are { when touching from {

semiconcave below

Plenty of them: series and compositions of squared distances. Directionally differentiable!

Let H = H(x,p), in which x € Q, and p is a Lipschitz positively homogeneous map from the tangent
cone of z to R. For the model equation —0,u + H(z, Du) =0,
e u subsolution if for any semiconvex ¢ touching u from above at (t,z), —0wp + H(z, Dyp) <O0;

e u supersolution if for any semiconcave ¢ touching u from below at (¢,z), —0:p + H(x, Dyp) > 0.

Theorem — (Jerhaoui & Zidani 2023) Comparison principle, stability, Perron’s method.

10. Jerhaoui and H. Zidani, "Viscosity Solutions of Hamilton-Jacobi Equations in Proper CAT(0) Spaces” (2023).
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Control problems (1/2)

Several formulations of control problems on piecewise smooth spaces, gluing parts of trajectories. Global
approach compatible with the previous HJ results?

Averil Aussedat A geometric question in &5



Ideas in CAT(0) spaces
[e]e]e] o]

Control problems (1/2)

Several formulations of control problems on piecewise smooth spaces, gluing parts of trajectories. Global
approach compatible with the previous HJ results?

Indirect way: let (x,u) — F(x,u) valued in convex functions (z — F'(x,u)(z) convex for each x,u).
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Control problems (1/2)

Several formulations of control problems on piecewise smooth spaces, gluing parts of trajectories. Global
approach compatible with the previous HJ results?

Indirect way: let (x,u) — F(x,u) valued in convex functions (z — F'(x,u)(z) convex for each x,u).

Definition A curve (y:); solves “¢; € F(ys, u(t))” if for almost any ¢, the gradient flow of
F(yz,u(t))(-) starting at y; approximates h — y;p, at order 1:

d Fl h
lim (Yttn OWF(yt,u(t))( 2 Yt))
hN\0 h

=0.
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Control problems (1/2)

Several formulations of control problems on piecewise smooth spaces, gluing parts of trajectories. Global
approach compatible with the previous HJ results?

Indirect way: let (x,u) — F(x,u) valued in convex functions (z — F'(x,u)(z) convex for each x,u).

Definition A curve (y:); solves “¢; € F(ys, u(t))” if for almost any ¢, the gradient flow of
F(yz,u(t))(-) starting at y; approximates h — y;p, at order 1:

d Fl h
lim (Yttn OWF(yt,u(t))( 2 Yt))
hN\0 h

=0.

Based on mutations of [Aub99]*.

1J. P. Aubin, Mutational and Morphological Analysis (1999).
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Control problems (1/2)

Several formulations of control problems on piecewise smooth spaces, gluing parts of trajectories. Global
approach compatible with the previous HJ results?

Indirect way: let (x,u) — F(x,u) valued in convex functions (z — F'(x,u)(z) convex for each x,u).

Definition A curve (y:); solves “¢; € F(ys, u(t))” if for almost any ¢, the gradient flow of
F(yz,u(t))(-) starting at y; approximates h — y;p, at order 1:

d Fl h
lim (Yttn OWF(yt,u(t))( 2 Yt))
hN\0 h

=0.

Based on mutations of [Aub99]!. Using the latter results and [FL23]?, one gets well-posedness of the
control system with satisfactory estimates, par to Cauchy-Lipschitz.

1J. P. Aubin, Mutational and Morphological Analysis (1999).

2H. Frankowska and T. Lorenz, “Filippov’s Theorem for mutational inclusions in a metric space” (2023).
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Control problems (2/2)

Now possible to consider the value function of a Mayer control problem

V(t,x) = inf 3 (yh™™) .
( ,13) u(v)EIigl(t,T;U)d (yT )
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Control problems (2/2)

Now possible to consider the value function of a Mayer control problem

V(t,x) = inf 3 (yh™™) .
( ,13) u(v)EIigl(t,T;U)d (yT )

Theorem — [AZ25]'  Assume that the flow of each F'(x,u)(-) starting from y can be approx-
imated by a reparameterized geodesic, locally uniformly over z,u,y.

LA. Aussedat and H. Zidani, A Cauchy-Lipschitz setting for control problems in complete CAT(0) spaces (2025).
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Control problems (2/2)

Now possible to consider the value function of a Mayer control problem

V(t,x) = inf 3 (yh™™) .
( ,13) u(v)EIigl(t,T;U)d (yT )

Theorem — [AZ25]'  Assume that the flow of each F'(x,u)(-) starting from y can be approx-
imated by a reparameterized geodesic, locally uniformly over z,u,y. Under Cauchy-Lipschitz
regularity assumptions on F', V is the unique solution of the HJB equation

—dwu(t,z) + sup —Dyu (V,F(z,u)|,=:) =0, u(T, ) =3.
uelU

LA. Aussedat and H. Zidani, A Cauchy-Lipschitz setting for control problems in complete CAT(0) spaces (2025).
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Control problems (2/2)

Now possible to consider the value function of a Mayer control problem

V(t,x) = inf 3 (yh™™) .
( ,13) u(v)EIigl(t,T;U)d (yT )

Theorem — [AZ25]'  Assume that the flow of each F'(x,u)(-) starting from y can be approx-
imated by a reparameterized geodesic, locally uniformly over z,u,y. Under Cauchy-Lipschitz
regularity assumptions on F', V is the unique solution of the HJB equation

—dwu(t,z) + sup —Dyu (V,F(z,u)|,=:) =0, u(T, ) =3.
uelU

e The assumption is not stringent: taking composition of distances suffices.

LA. Aussedat and H. Zidani, A Cauchy-Lipschitz setting for control problems in complete CAT(0) spaces (2025).
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Control problems (2/2)

Now possible to consider the value function of a Mayer control problem

V(t,x) = inf 3 (yh™™) .
( ,13) u(v)EIigl(t,T;U)d (yT )

Theorem — [AZ25]'  Assume that the flow of each F'(x,u)(-) starting from y can be approx-
imated by a reparameterized geodesic, locally uniformly over z,u,y. Under Cauchy-Lipschitz
regularity assumptions on F', V is the unique solution of the HJB equation

—dwu(t,z) + sup —Dyu (V,F(z,u)|,=:) =0, u(T, ) =3.
uelU

e The assumption is not stringent: taking composition of distances suffices.

e By definition, each curve (y;); is well-approximated by a reparameterized geodesic.

LA. Aussedat and H. Zidani, A Cauchy-Lipschitz setting for control problems in complete CAT(0) spaces (2025).
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Now we turn to the case of CBB spaces.

Definition = Complete geodesic metric space such that along any A‘o
geodesic v, there holds
d*(z,7) = (1 —t)d*(z,70) + td*(x, y1) — t(1 — t)d*(0,71)- o
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Definition = Complete geodesic metric space such that along any A‘o
geodesic v, there holds
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e Hilbert spaces, spheres, boundaries of convex sets,
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Definition = Complete geodesic metric space such that along any A‘o
geodesic v, there holds
& (x, ) = (1 = t)d*(w,70) + td*(z,71) — (1 — t)d* (70, 1)- ©
[
Examples:

e Hilbert spaces, spheres, boundaries of convex sets,

e the Wasserstein space of measures. A '1\"
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Turning to CBB spaces
@0000

CBB spaces

Now we turn to the case of CBB spaces.

Definition = Complete geodesic metric space such that along any A‘o
geodesic v, there holds

d*(z,7¢) = (1 = t)d*(z,70) + td*(x, 1) — t(1 — t)d* (70, 11)-

'X'.
Examples:
e Hilbert spaces, spheres, boundaries of convex sets,
e the Wasserstein space of measures. '1\"

Ys
Same canonical definition of a tangent cone, as a closure of reparametrized
geodesics.
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Turning to CBB spaces
@0000

CBB spaces

Now we turn to the case of CBB spaces.

Definition = Complete geodesic metric space such that along any A‘o
geodesic v, there holds

d*(z,7¢) = (1 = t)d*(z,70) + td*(x, 1) — t(1 — t)d* (70, 11)-

'X'.
Examples:
e Hilbert spaces, spheres, boundaries of convex sets,
e the Wasserstein space of measures. '1\"

Ys
Same canonical definition of a tangent cone, as a closure of reparametrized
geodesics. Possibility to use the same arguments?
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Results on viscosity solutions

Define viscosity solutions of —0;u + H(x, D,u) = 0 as follows:
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Results on viscosity solutions

Define viscosity solutions of —0;u + H(x, D,u) = 0 as follows:

e u subsolution if for any semiconcave ¢ touching u from above at (¢,2), —0;¢ + H(x, D) <O0;
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Results on viscosity solutions

Define viscosity solutions of —0;u + H(x, D,u) = 0 as follows:
e « subsolution if for any semiconcave ¢ touching u from above at (¢,z), —0;p + H(x, Dyp) <0;
e u supersolution if for any semiconvex ¢ touching u from below at (¢,z), —9;p + H(x, D) > 0.
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Turning to CBB spaces
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Results on viscosity solutions

Define viscosity solutions of —0;u + H(x, D,u) = 0 as follows:
e « subsolution if for any semiconcave ¢ touching u from above at (¢,z), —0;p + H(x, Dyp) <0;
e u supersolution if for any semiconvex ¢ touching u from below at (¢,z), —9;p + H(x, D) > 0.

Assume that H is monotone, locally Lip. with sublinear growth in the second variable, and that locally,

H (y,—ADyd*(z,-)) — H (2, AD,d*(-,y)) < Cd(z,y) (Ad(z,y) + 1) YA >0.

1A. Aussedat, “Optimal control problems and Hamilton-Jacobi-Bellman equations in some curved metric spaces” (2025).
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Results on viscosity solutions

Define viscosity solutions of —0;u + H(x, D,u) = 0 as follows:
e « subsolution if for any semiconcave ¢ touching u from above at (¢,z), —0;p + H(x, Dyp) <0;
e u supersolution if for any semiconvex ¢ touching u from below at (¢,z), —9;p + H(x, D) > 0.

Assume that H is monotone, locally Lip. with sublinear growth in the second variable, and that locally,

H (y,—ADyd*(z,-)) — H (2, AD,d*(-,y)) < Cd(z,y) (Ad(z,y) + 1) YA >0.

Theorem — Comparison principle [Aus25]'  With H as above, any semi-continuous locally
bounded subsolution u and supersolution v such that u(T,-) < v(T),-) satisfy u < v.

Quid of control problems in (some) CBB case?

1A. Aussedat, “Optimal control problems and Hamilton-Jacobi-Bellman equations in some curved metric spaces” (2025).
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Denote &, the Wasserstein space over R?, with Wasserstein distance W (-, ).
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“curvature" created by exchange of particles.

By [AGS05]?, absolutely continuous curves solve

Opee + div (byug) =0 in the sense of distributions.

?L. Ambrosio, N. Gigli, and G. Savaré, Gradient Flows (2005).
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A sound definition of control problem: take b = b(u, ) for a control w.
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Continuity equations

Denote &7, the Wasserstein space over R?, with Wasserstein distance W (-,-). CBB space, with
“curvature" created by exchange of particles.

By [AGS05]?, absolutely continuous curves solve

Opee + div (byug) =0 in the sense of distributions.

?L. Ambrosio, N. Gigli, and G. Savaré, Gradient Flows (2005).

A sound definition of control problem: take b = b(u, ) for a control w.

Many works on such or similar problems: Ambrosio, Feng, Gangbo, Swiech with metric slopes, Lions
and school for L-differentiability (Carmona-Delarue, Bertucci), Cardaliaguet, Quincampoix, Jimenez,
Marigonda, Hynd, Kim, Gangbo, Nguyen, Tudorascu, works on MDEs by Camilli, Cavagnari, De Maio,
Piccoli, Tosin, Schichl, controlled gradient flows by Conforti, Kraaij, Taminini, Tonon, second-order...

Averil Aussedat A geometric question in &5



Turning to CBB spaces
[e]e] Tele]

Continuity equations

Denote &7, the Wasserstein space over R?, with Wasserstein distance W (-,-). CBB space, with
“curvature" created by exchange of particles.

By [AGS05]?, absolutely continuous curves solve

Opee + div (byug) =0 in the sense of distributions.

?L. Ambrosio, N. Gigli, and G. Savaré, Gradient Flows (2005).

A sound definition of control problem: take b = b(u, ) for a control w.

Many works on such or similar problems: Ambrosio, Feng, Gangbo, Swiech with metric slopes, Lions
and school for L-differentiability (Carmona-Delarue, Bertucci), Cardaliaguet, Quincampoix, Jimenez,
Marigonda, Hynd, Kim, Gangbo, Nguyen, Tudorascu, works on MDEs by Camilli, Cavagnari, De Maio,
Piccoli, Tosin, Schichl, controlled gradient flows by Conforti, Kraaij, Taminini, Tonon, second-order...

General feeling: no hope for stability if the mass can split.
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Turning to CBB spaces
[e]e]e] o]

Linearization by straight line

By results of [Gig08]*, the (geometric) tangent cone to
P4 is isometric to a subset of measures on the tangent
bundle of R?, and admits well-defined metric projections.

IN. Gigli, “On the geometry of the space of probability measures endowed with the quadratic optimal transport distance” (2008).
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Linearization by straight line

By results of [Gig08]*, the (geometric) tangent cone to
P4 is isometric to a subset of measures on the tangent
bundle of R?, and admits well-defined metric projections.

Theorem — [Aus25]° Let b € L2, and 7}'b be

its projection on the tangent space to u. Then

iy W ((id + hb)gps, (id + hrrb)sp)

AN h =0

IN. Gigli, “On the geometry of the space of probability measures endowed with the quadratic optimal transport distance” (2008).
2A. Aussedat, “Optimal control problems and Hamilton-Jacobi-Bellman equations in some curved metric spaces” (2025).
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Turning to CBB spaces
0000e

Conclusion on HJB

Corollary  The value function V (t,v) = inf,(.yepo(t, 1);0) J(uy™) is a viscosity solution of

—OV (t, 1) + sup =D,V (t, ) (b) = 0.

beconv{nf f(-,u)tuer
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Subsolution: pick u(-) =u. Then (u4"%), follows the flow of the ODE 5, = f(ys,u).
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Corollary  The value function V (t,v) = inf,(.yepo(t, 1);0) J(uy™) is a viscosity solution of

—OV (t, 1) + sup =D,V (t, ) (b) = 0.

beconv{nf f(-,u)tuer

Subsolution: pick u(-) = u. Then (u"%), follows the flow of the ODE 5, = f(ys,u). By the previous
result, equivalent at order 1 to the “straight line” following 7/ f (-, %), hence

V(t,v) S V(t+h,pglit) ~n V(E+ h, (id + bl £(-,0)), 1),
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Conclusion on HJB

Corollary  The value function V (t,v) = inf,(.yepo(t, 1);0) J(uy™) is a viscosity solution of

—OV (t, 1) + sup =D,V (t, ) (b) = 0.

beconv{nf f(-,u)tuer

Subsolution: pick u(-) = u. Then (u"%), follows the flow of the ODE 5, = f(ys,u). By the previous
result, equivalent at order 1 to the “straight line” following 7/ f (-, %), hence

V(t,v) S V(t+h,pglit) ~n V(E+ h, (id + bl £(-,0)), 1),
and —OV (b, 1) — DV (t, w)((id, ot (-, @) 1) < 0.
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Turning to CBB spaces
0000e

Conclusion on HJB

Corollary  The value function V (t,v) = inf,(.yepo(t, 1);0) J(uy™) is a viscosity solution of

—OV (t, 1) + sup =D,V (t, ) (b) = 0.

beconv{nf f(-,u)tuer

Subsolution: pick u(-) = u. Then (u"%), follows the flow of the ODE 5, = f(ys,u). By the previous
result, equivalent at order 1 to the “straight line” following 7/ f (-, %), hence

V(t,v) S V(t+h,pglit) ~n V(E+ h, (id + bl £(-,0)), 1),
and —OV (b, 1) — DV (t, w)((id, ot (-, @) 1) < 0.

Supersolution: similar, replacing regularity by an approximation along a subsequence (hence conv).
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What is not tangent

As a CBB space, &5 has "metric scalar products" in tangent cones, that extend to all measures:

(€0, = / (€orCa)ydpi=  sup /( (o).

N="Na O,
Nz €L (z,Cx)
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e (v,w) =0 for n-almost any (z,v,w).

Averil Aussedat A geometric question in &5



For curiosity, irregular cases
@000

What is not tangent

As a CBB space, &5 has "metric scalar products" in tangent cones, that extend to all measures:

(€0, = / (€orCa)ydpi=  sup /( (o).

N="Na O,
Nz €L (z,Cx)

Theorem — Hodge decomposition, [Gig08] and [Aus25]
Any £ € P5(TQ),, writes as (7, Ty, + Toy)47), Where

o (my,my)sn is the unique projection of £ on Tan,,,

o (my,Tyw)sn is the unique projection of & on Tanﬁ
(solenoidal fields),
(

e (v,w) =0 for n-almost any (z,v,w).

Averil Aussedat A geometric question in &5



For curiosity, irregular cases
@000

What is not tangent

As a CBB space, &5 has "metric scalar products" in tangent cones, that extend to all measures:

(€0, = / (€orCa)ydpi=  sup /( (o).

N="Na O,
Nz €L (z,Cx)

Theorem — Hodge decomposition, [Gig08] and [Aus25]
Any £ € P5(TQ),, writes as (7, Ty, + Toy)47), Where

o (my,my)sn is the unique projection of £ on Tan,,,

o (my,Tyw)sn is the unique projection of & on Tanﬁ
(solenoidal fields),
(

e (v,w) =0 for n-almost any (z,v,w).

Averil Aussedat A geometric question in &5



For curiosity, irregular cases
[o] lele}

Failure of Liouville

A map-induced ¢ = (id, f)sp belongs to Tan/f if and only if —div (fu) =0.

Averil Aussedat A geometric question in &5



For curiosity, irregular cases
[o] lele}

Failure of Liouville
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BN h =0

Generalizes the fact that the flow of a divergence-free field leaves the underlying measure invariant.
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Failure of Liouville

A map-induced ¢ = (id, f)sp belongs to Tanj; if and only if —div (fu) = 0. In this case,

o W0 (7 5 b))

BN h =0

Generalizes the fact that the flow of a divergence-free field leaves the underlying measure invariant.

There exists 11 € 2([0,1]) such that & := 1 [(id, —1)sp + (id, 1)4p] belongs to Tant, but

o W (2 B o)
h\.0 h

= Il = 1.
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For curiosity, irregular cases
[o] lele}

Failure of Liouville

A map-induced ¢ = (id, f)sp belongs to Tanj; if and only if —div (fu) = 0. In this case,

lim W(u, (WI + hﬂ'v)#g)

BN h =0

Generalizes the fact that the flow of a divergence-free field leaves the underlying measure invariant.

There exists 11 € 2([0,1]) such that & := 1 [(id, —1)sp + (id, 1)4p] belongs to Tant, but

e W(N’ ("Tz + h"rv)#f)

Jim ; = ¢l = 1.

Worst case possible!
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A characterization in dimension one

In dimension one, we can characterize (part of) what happens.
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In dimension one, we can characterize (part of) what happens.
A set A C R belongs to A if there exists vanishing sequences (s, ), and (7,,), such that for any x € A,

B(w,8,) N AC B(w,Tsp)-

Sets in A are porous, symmetrically porous, and “more and more porous” as one zooms, uniformly in A.

Theorem — [Aus26]! Let 1 € Z5(R). The following are equivalent:
e Tan, coincides with the set of £ € #5(TR),, inducing a curve of initial velocity ||£]|,;

LA. Aussedat, Characterization of measures on the real line that are critically unstable under small shifts (2026).
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A characterization in dimension one

In dimension one, we can characterize (part of) what happens.
A set A C R belongs to A if there exists vanishing sequences (s, ), and (7,,), such that for any x € A,

B(w,8,) N AC B(w,Tsp)-

Sets in A are porous, symmetrically porous, and “more and more porous” as one zooms, uniformly in A.

Theorem — [Aus26]! Let 1 € Z5(R). The following are equivalent:
e Tan, coincides with the set of £ € #5(TR),, inducing a curve of initial velocity ||£]|,;
e the diffuse part u? of i (removing the atoms) satisfies u?(A) = 0 for any A € A.

LA. Aussedat, Characterization of measures on the real line that are critically unstable under small shifts (2026).
Averil Aussedat
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Open questions

e Quid of higher dimension?
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e Quid of the set of measures such that the Liouville property holds?
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Open questions

e Quid of higher dimension?
e Quid of the set of measures such that the Liouville property holds?

e Avoidance theorems saying that a continuity equation starting outside of this set remains outside?

Thank you for your attention.
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