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The problem

Let µ be a probability measure on R.

Consider the mean µh of two copies of µ, respectively
shifted by ±h. Explicitly,

µh =
1

2
[(id− h)#µ+ (id+ h)#µ] .

Measure the (Wasserstein) distance between µ and µh.

Question When does it hold that

lim sup
h↘0

W 2(µ, µh)

h2
= 1 ?
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Examples

• Example 1 Consider µ = δ0. Then µh = 1
2 [δ−h + δh].

So W 2(µ, µh) = h2, and

lim
h↘0

W 2(µ, µh)

h2
= 1.

• Example 2 Consider µ = L[−1/2,1/2].
After computation, one has W 2(µ, µh) = ch3, so that

lim
h↘0

W 2(µ, µh)

h2
= 0.

¬ In the question, we expect µ to be “concentrated”.
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Motivation PDEs in the Wasserstein space

Original: PDEs in the Wasserstein space

Studying PDE formulations of optimal control problems:

−∂tu(t, µ) +H (µ,Dµu(t, µ)) = 0, + terminal condition.

Vast literature, with different techniques. Very non-exhaustive list for first-order case only:
• C1/C2 functions: Lions 2007, Cardaliaguet & Quincampoix 2008, Cavagnari, Marigonda, Nguyen

& Priuli 2018, Pham & Wei 2018, Cosso, Gozzi, Kharroubi, Pham & Rosestolato 2024, Cosso &
Martini 2023, Bertucci & Lions 2024

• Semidifferentials: Gangbo, Nguyen & Tudorascu 2008, Hynd & Kim 2015, Gangbo & Świȩch
2015, Jimenez, Marigonda & Quincampoix (2020, 2023), Badreddine & Frankowska 2022, Jimenez
2024, Daudin, Jackson & Seeger 2024, Ceccherini-Silberstein & Tonon (preprint)

• Nonsmooth test functions: Bayraktar, Ekren & Zhang 2024, Jean, Jerhaoui & Zidani 2024, A.,
Jerhaoui & Zidani 2025, Feng (preprint)

• Metric tools: Ambrosio & Feng 2014, Gangbo & Świȩch (2014, 2015), Giga, Hamamuki,
Nakayasu 2015, Conforti, Kraaij & Tonon (2023, 2023, 2024)
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Nakayasu 2015, Conforti, Kraaij & Tonon (2023, 2023, 2024)

Averil Aussedat Second directional derivative of W2 in dim 1 March 19, 2026 4 / 14



Motivation PDEs in the Wasserstein space

Original: PDEs in the Wasserstein space

Studying PDE formulations of optimal control problems:

−∂tu(t, µ) +H (µ,Dµu(t, µ)) = 0, + terminal condition.

Vast literature, with different techniques. Very non-exhaustive list for first-order case only:
• C1/C2 functions: Lions 2007, Cardaliaguet & Quincampoix 2008, Cavagnari, Marigonda, Nguyen

& Priuli 2018, Pham & Wei 2018, Cosso, Gozzi, Kharroubi, Pham & Rosestolato 2024, Cosso &
Martini 2023, Bertucci & Lions 2024

• Semidifferentials: Gangbo, Nguyen & Tudorascu 2008, Hynd & Kim 2015, Gangbo & Świȩch
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Motivation PDEs in the Wasserstein space

Taking directional derivatives

• General theory in Alexandrov spaces: Dµu(ξ) is well-defined if ξ lies in a suitable tangent cone Tanµ.

Construction: take geodesics, reparametrize by any speed, close w.r.t. (γ, γ′) 7→ lim sup
h↘0

d(γh, γ
′
h)/h.

Then usual definition
Dµu(ξ) := lim

h↘0

u(µ +→ hξ)− u(µ)

h
,

where h 7→ µ +→ hξ is the curve with velocity ξ. Viscosity theory at this level!

• In the Wasserstein space, more can be said:

µ +→ hξ := (πx + hπv)#ξ, ξ ∈ Tanµ ⊂ P2(TRd)µ︸ ︷︷ ︸
measures on (x,v)
with x−marginal µ

.

. P2(TRd)µ is usually strictly larger than Tanµ; we can
even define an “orthogonal” Tan⊥

µ ⊂ P2(TΩ)µ.
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Motivation PDEs in the Wasserstein space

What could be in Tan⊥
µ

Actually, many simple ξ can belong to Tan⊥
µ .

. Even in simple cases, problems leading to HJ equations might need
to evaluate Dµu(·) at points of Tan⊥

µ .

Here, W (µ, µ +→ hξ) = o(h). ⇝ What if Tan⊥
µ did not matter in Dµu?

In other words, what if for any ξ ∈ Tan⊥
µ ,

WRONG

lim
h↘0

W 2(µ, µ +→ hξ)

h2
= 0 ?
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Motivation Previous results

Partial positive result

Theorem If ξ is deterministic, i.e. of the form (id, g)#µ for some vector field g ∈ L2
µ, then

ξ ∈ Tan⊥
µ ⇐⇒ − div (gµ) = 0 distributionally ⇐⇒ lim

h↘0

W 2(µ, µ +→ hξ)

h2
= 0.

¬ Saves the strategy for the PDE problem in the case under consideration. Other choices: use C1 test
functions, penalize (Daudin & Seeger 2025), bypass the geometric tangent cone (Bertucci 2025)...
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Motivation Previous results

General negative result

There exists µ ∈ P([0, 1]) s.t. the unit symmetric measure field ξ := 1
2 [(id,−1)#µ+ (id, 1)#µ]

belongs to Tan⊥
µ , and

lim sup
h↘0

W 2(µ, µ +→ hξ)

h2
= ∥ξ∥2µ = 1.

Here µ +→ hξ = µh, the superposition of shifts of introduction. Hence the question: characterize such µ.
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Results in dimension one Statement

A class of porous sets

Definition A measurable set A ⊂ R belongs to the class A if there exist sequences (sn)n ⊂ (0, 1)
and (τn)n ⊂ [0, 1) going to 0 such that for any n ∈ N, and any x ∈ A,

B(x, sn) ∩A ⊂ B(x, τnsn).

For instance: finite sets, some (uncountable) skinny Cantor sets.
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Results in dimension one Statement

Characterization

Theorem Let µ ∈ P2(R). The following assertions are equivalent:

• lim suph↘0 W
2(µ, µh)/h

2 = 1,
• for any ε > 0, there exists A ∈ A such that µ(A) ⩾ 1− ε.
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Results in dimension one Idea of the proof

φc(u) := infv∈R φ(v) + |u− v|2

• From second to first: almost explicit construction.

• From first to second: dual formulation. If limn→∞ W 2(µ, µhn
)/h2

n = 1 for some sequence (hn)n,
then, for some Kantorovich potential φn,

1−O(hn) ⩽
1

h2
n

(∫
φc
n(y)dµhn

−
∫

φndµ

)
=

∫

1
2 (φ

c
n(x− hn) + φc

n(x+ hn))− φn(x)

h2
n

︸ ︷︷ ︸
⩽ 1

dµ.

So the quotient must be close to 1 on a set of large µ−measure.

The lemma: sets where the quotient is close to 1 have holes of size comparable to h.
Now classical trick of taking intersections of sets of mass larger than 1− ε2−(k+1) and recover a set of
mass larger than 1− ε. t
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Results in dimension one Idea of the proof

φc(u) := infv∈R φ(v) + |u− v|2

Key argument: for any φ : R → R and h > 0, let

S :=

{
x ∈ R

∣∣∣∣ 1
2 (φ

c(x− h) + φc(x+ h))− φ(x)

h2
⩾ γ

}
.

Then S has gaps of size comparable h. Indeed, if x, y ∈ S with x ⩽ y, then

2 γ ⩽
1
2 (φ

c(x − h)+φc(x + h))− φ(x)

h2
+

1
2 (φ

c(y − h)+φc(y + h))− φ(y)

h2

⩽
1
2

(
φ(x) + h2 +

φ(y) + |x + h − y|2

)
− φ(x)

h2
+

1
2

(

φ(x) + |y − h − x|2

+

φ(y) + h2

)
− φ(y)

h2

= 1 +
|y − (x+ h)|2

h2
. h

√
2γ − 1 ⩽ |y − (x+ h)|

So |y − x| is either smaller than ch, or larger than Ch, for c, C depending only on γ.
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Results in dimension one Idea of the proof

φc(u) := infv∈R φ(v) + |u− v|2

• From second to first: almost explicit construction.

• From first to second: again the dual formulation. If limn→∞ W 2(µ, µhn
)/h2

n = 1 for some sequence
(hn)n, then, for some Kantorovich potential φn,

1−O(hn) ⩽
1

h2
n

(∫
φc
n(y)dµhn −

∫
φndµ

)
=

∫ 1
2 (φ

c
n(x− hn) + φc

n(x+ hn))− φn(x)

h2
n︸ ︷︷ ︸
⩽ 1

dµ.

So the quotient must be close to 1 on a set of large µ−measure.

The lemma: sets where the quotient is close to 1 have holes of size comparable to h.
Now classical trick of taking intersections of sets of mass larger than 1− ε2−(k+1) and recover a set of
mass larger than 1− ε. t
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mass larger than 1− ε. t
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Results in dimension one Consequence

Corollary

Corollary Let µ ∈ P2(R). The following assertions are equivalent:

• ξ ∈ Tanµ if and only if lim suph↘0 W
2(µ, µ +→ hξ)/h2 = ∥ξ∥2µ,

• µd(A) = 0 for any A ∈ A, where µd is the diffuse part of µ (removing atoms).

• Says that for such µ, we can detect if ξ ∈ Tanµ by looking at the initial speed of µ +→ hξ.

• Does not say whether ξ ∈ Tan⊥
µ means 0 initial velocity...
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Results in dimension one Consequence

Open problem

Question For which measures does it hold that

lim sup
h↘0

W 2(µ, µh)

h2
= 0 ?

If µ ≪ L, the property holds, but this is not sharp.
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Thank you for your attention

Talk based on the ArXiv preprint “Characterization of measures on the real line that are critically
unstable under small shifts” (2026).
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