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Setting of the problem

Let T > 0. We consider the solution V' = V (¢, x) of

min ( — 9,V + max (VV, f(z,a)),V —g(z)) =0, V(T,z) = max (J(x),g(x)). (HJ)
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Notations and running assumptions  Here
e A CR"is acompact set, and Ay, 7 the set of measurable a(-) : [t,T] — A,
o f:R%x A — TR?is a Lipschitz dynamic such that f(x, A) is convex Vz € R,
e The obstacle function ¢ : R? — R and terminal cost J : R? — R are Lipschitz.
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min ( — 9,V + max (VV, f(z,a)),V —g(z)) =0, V(T,z) = max (J(x),g(x)). (HJ)

Notations and running assumptions  Here
e A CR"is acompact set, and Ay, 7 the set of measurable a(-) : [t,T] — A,
o f:R%x A — TR?is a Lipschitz dynamic such that f(x, A) is convex Vz € R,
e The obstacle function ¢ : R? — R and terminal cost J : R? — R are Lipschitz.

(A1)

Well-posedness ([ABZ13]) There exists an unique continuous viscosity solution of (HJ).
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Origin of the problem (1/3)

Let fo: R¥ 1 x A — TR !, choose an "admissible" closed set K c R%~! and denote

Be 1.1 = {a(-) € Ay ‘ Abee e K Vs e [t,T), 445 = fo(745%, a(s)), ,},f,é,a _ S}.
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Let fo: R¥ 1 x A — TR !, choose an "admissible" closed set K c R%~! and denote

Be 1.1 = {a(-) € Ay ’ Abee e K Vs e [t,T), 445 = fo(745%, a(s)), Vf,ﬁ,a _ 5}.

State-constrained control problem Let L, J : R%! — R be Lipschitz, and

T
Find a® € By 1) that minimizes a — / L (72’5"1) ds+J (’y;ig’a) over all a(-) € By 77
s=t

Introduce the corresponding value function

u(t, &) = inf {/si L (,@é,a) ds + J (,y%&a)
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Origin of the problem (2/3)

(A2) Assume K = {go < 0}, where g : R9~! — R is Lipschitz.
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Let then

r=(§2), [fl,a)=(fol§a), LE)), g(x)=90(E), I(x)=J() -z
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(A2) Assume K = {go < 0}, where g : R9~! — R is Lipschitz.

Let then

r=(§2), flx,a)=(fEa),LE), g9()=g(), I)=J(¢ -z

Let again y"™* solve 7, = f(yz,a(s)). Introduce the auxilliary map

V(t,x) :== inf {max <3 <y§,1x,a) , max g (ygxa)>

s€(t,T)

a(-) € A[LT]} .
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(A2) Assume K = {go < 0}, where g : R9~! — R is Lipschitz.

Let then

r=(§2), flx,a)=(fEa),LE), g9()=g(), I)=J(¢ -z

Let again y"™* solve 7, = f(yz,a(s)). Introduce the auxilliary map

V(t,x) :== inf {max <3 <y§,1x,a) , max g (ygxa)>

s€(t,T)

a(-) € A[LT]} .

Link between both ([ABZ13]) The auxilliary map V solves (HJ), and there holds

u(t,) =inf{z e R | V(¢ (& 2)) <0} (with the convention inf(0)) = +00.)
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Origin of the problem (3/3)

Example  We want to minimize & — [725|, where 455" = a(s) and |y| > 1. Let
A=[-11], fo(§,a):==a, L =0, J(§) = |¢] and go(§) =1 —[¢].
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Origin of the problem (3/3)

Example  We want to minimize & — [725|, where 455" = a(s) and |y| > 1. Let
A= [_17 1]' f0(§7a) =a, L=0, J(f) =

€] and go(§) = 1 — |£|. The auxilliary problem reads
V(t,z) = inf {’yt’m’“
]

z.a -0V 4+ 0, V) AN (V —g) =0,
L max (1__‘y? ,‘)}’ ( t ’ 1 ‘) ( )
a€hp s€lt,T) V(T,z) = (|z1| — x2) V (1 — |z1])-
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Example  We want to minimize & — [725|, where 455" = a(s) and |y| > 1. Let
A= [_17 1]' f0(§7a) =a, L=0, J({) =

€] and go(§) = 1 — |£]. The auxilliary problem reads
V(t,x) = inf {’yt’z’a

T max (1 — \yng‘)} OV H VYAV = g) =0,
e el V(T,2) = (jaa] = 22) v (1 = [z ]).

Solution V" at time ¢t = 7" = 1.00

g
LI
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Origin of the problem (3/3)

Example  We want to minimize & — [725|, where 455" = a(s) and |y| > 1. Let
A=1[-1,1], fo(¢&,a) =a, L=0, J(&) = |£] and go(§) = 1 — |£|. The auxilliary problem reads

V(t,x) = inf {’yélz’a max (1 — ‘y?fﬁaa‘)} ’ (=0 |02, V) A ( g9)
a€hp, ) s€[t,T] V(T,z) = (Jx1] — 22) V (1 — |z1]).
Solution V" at time ¢ = 7" = 1.00 Solution V" at time ¢ = 0.00 Evolution of u for T —1.00
g g

LI L _In'4

|z <1 =100
=075
—— 1=050
— =025
— =000
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Dynamical formulation ([ABZ13])

Dynamic programming principle  For all (¢,2) € [0,7] x R% and h € [0,T — ¢],

. t,x,a ,T,a
V(t,x) = inf {V(t + h, Yirh ) se%,?j—(h] g (yz )

a() € A[t,t—f—h]} . (DPP)
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Dynamical formulation ([ABZ13])

Dynamic programming principle  For all (¢,2) € [0,7] x R% and h € [0,T — ¢],

. t,x,a x,a
V(t,x) = inf {V(t +h TR ) se%,?j—(h] g (yz’ )

a() € A[t,t—f—h]} . (DPP)

Let N € N, At =T/N and t,, = nAt. Introduce a first discretization of (DPP) by
Vi(z) = 1nf{V”+1 (F&,(2)) \/ Gy () ‘ ac Mes(Rd,A)}, VN (@) = 3(2) V g(x),
where F%,(x) is a consistant approximation of yt+At and G%,(z) approximates max gyt™).

s€t,T)
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Dynamic programming principle  For all (¢,2) € [0,7] x R% and h € [0,T — ¢],

. t,x,a x,a
V(t,x) = inf {V(t +h TR ) se%,?j—(h] g (yz’ )

a() € A[t,t—f—h]} . (DPP)

Let N € N, At =T/N and t,, = nAt. Introduce a first discretization of (DPP) by
Vi(z) = 1nf{V”+1 (F&,(2)) \/ Gy () ‘ ac Mes(Rd,A)}, VN (@) = 3(2) V g(x),

where F%,(x) is a consistant approximation of yt+At and G%,(x) approximates m[a)Tc]g(ym “).
se(t

[ Under natural assumptions, V" (x) — V (¢, x) locally uniformly when At — 0.
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Expression

Let (tn)nefo,ny be a discretization of [0, 77, and .,ZVCZ) C Mes (Rd,A) be approximation spaces.

(A3) Let @f:fla — F,(x,a) be a consistant scheme s.t. F},(-,a) is bijective for small At.
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Scheme and result
(o] Jelele]

Expression

Let (tn)nefo,ny be a discretization of [0, 77, and fl% C Mes (Rd,A) be approximation spaces.

(A3) Let @f"fla = F,(2,a) be a consistant scheme s.t. F},(-,a) is bijective for small At.

Lagrangian scheme  Let (1"),cfon—1] C Z1(R?) be densities, and define

PN =3ve @) =0 () V@) (12)
where a" € argmin/ [V”+1( t”fla) \/g } (1b)
ae/lg zER? "
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Scheme and result
(o] Jelele]

Expression

Let (tn)nefo,ny be a discretization of [0, 77, and fl% C Mes (Rd,A) be approximation spaces.

(A3) Let @f"fla = F,(2,a) be a consistant scheme s.t. F},(-,a) is bijective for small At.

Lagrangian scheme  Let (1"),cfon—1] C Z1(R?) be densities, and define

VN =3vg, Vi (z) =Vt ( t:fla ) \/g (1a)
where a" € argmin / [V”H (yf:fla) \/g (iL‘)j| du" (). (1b)
ae/lg z€R?

Remark — Storage  The approximations V™ are just notations (only (@™)nefo,N—1] is stored).
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Variants

e Storing V™: more memory, possible loss of precision, theoritical reduction of computation.
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e Storing V™: more memory, possible loss of precision, theoritical reduction of computation.

e Introduction of a substep approximation of max,c(y, +,.,.] g(yt™™) (keeping a fixed):

0-level set, dim=2 (t= 0.32)

— Exact
==- L (p=1)
—=- Obstacle

2

Figure: Without substeps

Auveril Prost

Minimalist analysis

0-level set, dim=2 (t= 0.32)

— Exact
=== L (p=5)
==+ Obstacle

2 A 0 1 2

Figure: With substeps

10/18



Variants

Scheme and result

[e]e] le]e}

e Storing V™: more memory, possible loss of precision, theoritical reduction of computation.

e Introduction of a substep approximation of max,c(y, +,.,.] g(yt™™) (keeping a fixed):
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Variants

e Storing V™: more memory, possible loss of precision, theoritical reduction of computation.

e Introduction of a substep approximation of max,c(y, +,.,.] g(yt™™) (keeping a fixed):

0-level set, dim=2 (t= 0.16) 0-level set, dim=2 (t= 0.16)

~

— Exact — Exact

NI NIEETEN(E)
"] ==+ obstacle —=- Obstacle
Figure: Without substeps Figure: With substeps
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Variants

e Storing V™: more memory, possible loss of precision, theoritical reduction of computation.

e Introduction of a substep approximation of max,c(y, +,.,.] g(yt™™) (keeping a fixed):

0-level set, dim=2 (t= 0.08) 0-level set, dim=2 (t= 0.08)

— Exact — Exact

NI NIEETEN(E)
"] ==+ obstacle —=- Obstacle
Figure: Without substeps Figure: With substeps
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Scheme and result

[e]e] le]e}

Variants

e Storing V™: more memory, possible loss of precision, theoritical reduction of computation.

e Introduction of a substep approximation of max,c(y, +,.,.] g(yt™™) (keeping a fixed):

0-level set, dim=2 (t= 0.00) 0-level set, dim=2 (t= 0.00)

— Exact — Exact

NI NIEETEN(E)
"] ==+ obstacle —=- Obstacle
Figure: Without substeps Figure: With substeps
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Main result

Assume that

e F,(x,-) is continuous for small enough At, and

E(x, a)‘ < |z|+CAL(1+|z)).

(Aa) e The approximation spaces satisfy limg_, flg = Lip (Rd, A) in L}Ln.
e The densities u'* = p" L are such that F(supp p") C supp p"*1, and

Vel
Cp, At = sup sup )

— = < Q.
rER a€A ,On+1 o F($, a)
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Main result

Assume that

e F,(x,-) is continuous for small enough At, and

E(x, a)‘ < |z|+CAL(1+|z)).

(Aa) e The approximation spaces satisfy limg_, flg = Lip (Rd, A) in L}Ln.
e The densities u'* = p" L are such that F(supp p") C supp p"*1, and

Vel
Cp, At = sup sup )

— = < Q.
rER a€A ,On+1 o F($, a)

Convergence ([BPW22]) Under (Al) to (A4), 9lim H[f(?)zif]] / V™ — V™ du" = 0.
—o0 ng|0,
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Comments

e Statement in [BPW22] is a parametric result with explicit formula, where the
approximation errors 7 may be chosen (at the expense of large ©,,).
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e If analytical controls are Lipschitz and p™ are the uniform densities, result for arbitrary V.
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e Statement in [BPW22] is a parametric result with explicit formula, where the
approximation errors 7 may be chosen (at the expense of large ©,,).

e If analytical controls are Lipschitz and p™ are the uniform densities, result for arbitrary V.

In the literature, this type of results is found in the neural network community. In particular,

e [HPBL21] and [BHLP22] analyze a similar problem in the context of stochastic
optimization. The presented scheme is inspired from the performance iteration scheme of
the authors, where the error analysis relies on diffusion, and related to the work of [BD07].
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Comments

e Statement in [BPW22] is a parametric result with explicit formula, where the
approximation errors 7 may be chosen (at the expense of large ©,,).

e If analytical controls are Lipschitz and p™ are the uniform densities, result for arbitrary V.

In the literature, this type of results is found in the neural network community. In particular,

e [HPBL21] and [BHLP22] analyze a similar problem in the context of stochastic
optimization. The presented scheme is inspired from the performance iteration scheme of
the authors, where the error analysis relies on diffusion, and related to the work of [BD07].

e A similar error analysis is performed in [GPW20, GPW21], using GroupSort networks.
e Global regression is studied (for instance) in [SS18] (DGM), or [HL20] for BSDEs.
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Definition

Neural network Let L be a number of layers, and (dk)ie[o,r] be natural numbers. A
map Z : R% — R s a feedforward neural network if it is of the form

R=cpolo--0010L, o; : R% — R% nonlinear, £; : R%1 — R% linear.
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R=cpolo--0010L, o; : R% — R% nonlinear, £; : R%1 — R% linear.

In the sequel, d = --- = dj_1, dg = d is the space dimension, and d; = .
e Various activations (ReLU max. (0,z), sigmoid (1 + e~*)~!, GroupSort sort(x))...

e Density in the space of continuous functions under mild assumptions (Lemma 16.1 of
[GKKWO02)).
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Definition

Neural network Let L be a number of layers, and (dk)ie[o,r] be natural numbers. A
map Z : R% — R s a feedforward neural network if it is of the form

R=cpolo--0010L, o; : R% — R% nonlinear, £; : R%1 — R% linear.
In the sequel, d = --- = dj_1, dg = d is the space dimension, and d; = .

e Various activations (ReLU max. (0,z), sigmoid (1 + e~*)~!, GroupSort sort(x))...
e Density in the space of continuous functions under mild assumptions (Lemma 16.1 of

[GKKWO02]).

e In practice, approximation very sensitive to the correct structure of the network.
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Eikonal equation (1/2)
We consider T' = 2 and the obstacle-free Eikonal equation

-0V (t,x)+ max (VV(t,x),a) =0, with V(T,z)=min (|z+e1],|r —e1]).
a€B(0,1)

0-level set, dim=6 (t= 2.00) 0-level set, dim=8 (t= 2.00)

. O O . O O

| — Exact | — Exact
—=- L-scheme —=- L-scheme

-4 2 [ 2 4 -4 2 o 2 4
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Eikonal equation (2/2)

’ Dim d ‘ S.Git. ‘ Global Lo ‘ Global Lq rel. | Local Lo, | Local L rel. ‘ Time ‘
6 100000 | 2.16e-02 1.96e-03 4.06e-04 1.58e-04 1h26
7 200000 | 5.00e-02 3.41e-03 1.51e-02 1.26e-04 3h55
8 400000 | 1.99e-01 1.81e-02 4.39e-04 2.19e-04 10h31

Table: Errors for the Eikonal equation, N = 4 iterations, 3 layers, 40 neurons

Error, dim=6 (t= 2.00) Error, dim=7 (t= 2.00) Error, dim=8 (t= 2.00)
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Eikonal equation (2/2)

’ Dim d ‘ S.Git. ‘ Global Lo ‘ Global Lq rel. | Local Lo, | Local L rel. ‘ Time ‘
6 100000 | 2.16e-02 1.96e-03 4.06e-04 1.58e-04 1h26
7 200000 | 5.00e-02 3.41e-03 1.51e-02 1.26e-04 3h55
8 400000 | 1.99e-01 1.81e-02 4.39e-04 2.19e-04 10h31
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The door problem (1/2)

We consider the Eikonal-advection equation with |b] > ¢ > 0:

min ( — 8,V 4+ (VV,b) + max (VV,ca),V —g) =0, V(T,-) =max(g,|-|—1).
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Thank you!
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